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Abstract. Given a graph G and a positive integer k, we want to �nd k

spanning trees on G, not necessarily disjoint, of minimum total weight,

such that the weight of each edge is subject to a penalty function if it

belongs to more than one tree. We present a polynomial time algorithm

for this problem; the algorithm's complexity is quadratic in k. We also

present two heuristics with complexity linear in k. In an experimental

study we show that these heuristics are much faster than the exact algo-

rithm also in practice, and that their solutions are around 1% of optimal

for small values of k and much better for large k.

1 Introduction

Let G = (V;E) be an undirected, weighted graph with n vertices and m edges.

Let k be a positive integer. The edge weight function is denoted by w, and we

assume all weights are positive integers. We extend the edge weight function to

include an integer parameter i, 0 � i � k. We call w

p

(e; i) the penalized weight

of edge e for a given value of i; we call the parameter i the usage of edge e.

By de�nition, w

p

(e; 0) = 0 and w

p

(e; 1) = w(e); and w

p

is nondecreasing with

respect to i. We want to solve the following problem on G:

Find k spanning trees T

1

; T

2

; : : : ; T

k

of G, not necessarily disjoint, such

that the usage of edge e is the number of trees that contain e and such

that the sum of the penalized weights of all edges is minimum.

In other words, we want to �nd k spanning trees of minimum total cost such

that we pay a penalty every time we include an edge in more than one tree. If

w

p

(e; i) = 1 for all i > 1, this is the problem of �nding k disjoint spanning

trees of minimum total cost. For future reference, we call the general problem

the minimum congestion k-spanning trees problem (kMSTc), since the penalty

function can be used to model congestion situations.

To our knowledge the general kMSTc problem has not been studied be-

fore. However, disjoint-trees versions of it are well-known. Nash-Williams [5]

and Tutte [7] have studied the unweighted case. Roskind and Tarjan [6], build-

ing on work of Edmonds [3, 4], presented a polynomial-time algorithm for the

weighted case.

The kMSTc problem is interesting in its own right. However, our main inter-

est in this paper is to explore it as an example of the following type of situation:



A problem for which a polynomial-time algorithm exists, but for which, in prac-

tice, it is better to use heuristics. Heuristics are commonly encountered and

vastly studied in the realm of NP-complete problems. In the case of problems in

class P, such results are much rarer.

Table 1. Summary of theoretical results

algorithm running time

exact O(m logm+ k

2

n

2

)

A-Prim O(k(m+ n log n))

A-Kruskal O(m logm+ k(m�(2n; n) + n log n))

B O(m logm+ kn(logm+ �(2n; n) log n))

The results we present are as follows. First we show that the kMSTc problem

can be solved exactly in polynomial time. Then we present two algorithms for

which we have no guarantees on solution quality, and hence are heuristics. We

show that their theoretical running times are better than the running time of the

exact algorithm. A summary of theoretical results is shown in Table 1. We then

present an experimental study that shows that the heuristics are indeed much

faster than the exact algorithm (for the graph instances tested), while �nding

solutions very close to the optimum.

2 An Exact Algorithm

The exact algorithm is a simple reduction of our problem to the weighted disjoint-

trees problem (which we call the kMSTd problem). Our algorithm therefore is

entirely based on Roskind and Tarjan's algorithm (hence-forward called RT).

Our reduction assumes that the RT algorithm can handle parallel edges. This is

an easy extension of the algorithm described in [6].

Here is how the reduction works. First note that a given edge e appearing

in i trees of a given set contributes a total of iw

p

(e; i) to that set's weight; and

that the total cost of a solution is

P

e2E

i

e

w

p

(e; i

e

), where i

e

is the usage of e.

We can therefore de�ne the incremental cost c(e; i + 1) of edge e appearing in

one more tree as

c(e; i+ 1) = (i+ 1)w

p

(e; i+ 1)� iw

p

(e; i) : (1)

The value of c(e; i + 1) represents the increase in the solution's value by the

inclusion of edge e in the (i+ 1)-th tree.

We will now reduce an instance I of the kMSTc problem to an instance I

0

of

the kMSTd problem. Given an instance of the kMSTc problem (de�ned above)

create a graph G

0

= (V;E

0

) in the following way: for each edge e = (u; v) 2 E,

create k parallel edges e

1

; e

2

; : : : ; e

k

2 E

0

(all of them between vertices u and v)



such that w

0

(e

i

) = c(e; i), 1 � i � k. Note that if G is connected, then G

0

will

certainly contain at least k disjoint spanning trees. We remark that using parallel

edges with incremental costs is a standard way of making such reductions; see

for example [1, section 14.3].

We now claim that given a solution S

0

for I

0

, we can obtain a solution S for

I and vice versa. First note that given a pair of vertices (u; v) and the edges

e

1

; e

2

; : : : ; e

k

between them in I

0

, an edge e

i

can belong to S

0

if and only if every

edge e

j

; 1 � j < i, is also part of S

0

[to simplify the discussion, we assume c(e; i)

is strictly increasing w.r.t. i]. Furthermore, all these edges belong to di�erent

trees (because the trees must be disjoint and to avoid cycles). Based on this we

can establish a one-to-one correspondence between a tree in S

0

and a tree in S.

If in S

0

, for a given pair (u; v), all edges up to e

l

are used, this means that the

usage of edge (u; v) in S will be l (and vice versa). The total cost of these edges

in S or in S

0

is the same and that proves the claim.

We now very briey describe the RT algorithm. It starts by sorting the edges

in nondecreasing order by weight and creating a set F of k forests F

1

; F

2

; :::; F

k

,

each with n vertices and no edges. The algorithm executes the following aug-

menting step for each edge e 2 G, in order: �nd an F

i

such that e can be inserted

in F

i

without creating cycles (with the insertion possibly causing a rearrange-

ment of edges in F ). The algorithm stops when all forests become trees. The

search for a valid F

i

in each augmenting step is done by a labeling process.

Roskind and Tarjan show that this algorithm takes O(m logm+ k

2

n

2

) time.

A direct application of the reduction above gives for our algorithm a running

time of O(km log km + k

2

n

2

) and a storage requirement of km edges. We now

show that it is not necessary to store that many edges and that our algorithm

can be made to run in the same time bound as the RT algorithm.

Given the input graph G and its m edges, the reduction gives a clear rule

for determining all km edges of G

0

. This means that we may keep G

0

implicit,

and generate each copy of an edge from G on the y. In addition, note that as

soon as the algorithm decides to discard an edge e

i

, all other unexamined edges

e

j

; j > i between the same pair of vertices can be discarded as well. This means

that we don't even have to sort km values; we either discard an edge and all

remaining parallel edges, or we use edge e

i

and insert its next \copy" (e

i+1

)

into the data structure that contains the edges with the correct weight. The

time bound depends on the data structure used to represent the sorted edge list.

Since this list must also be updated, we need a priority queue. We assume that

a binary heap is used.

Initialization of the algorithm consists of building the heap (�(m logm) time)

and creating the forests (�(kn)). Selecting an edge from the heap costs O(1).

Once an edge is processed, we may need to discard it or replace it with the next

copy. In terms of heap operations, this means deleting or updating an element,

respectively. Both require O(logm) time.

As in the original algorithm, the labeling step is executed O(kn) times. Each

execution requires O(kn) operations, in addition to the extra O(logm) time

demanded by heap operations. There are up to O(m) steps in which applying



the labeling algorithm is not necessary, since the ends of the edge being examined

belong to the same special subset (\clump", in RT's terminology) of vertices.

Each of these steps requires O(logm) time to delete the edge from the heap. The

overall time bound of the algorithm implemented in this way is O(m logm +

k

2

n

2

), which is an improvement over the direct application of the reduction and

is the same time bound of the RT algorithm.

3 Heuristics

In this section we present two heuristics for the kMSTc problem. These heuris-

tics were developed before we knew the complexity of the problem, and were

thus contemplating the possibility that it might be NP-complete. Even though

it turned out that the problem is polynomially solvable, the heuristics proposed

are intuitive, asymptotically faster than the exact algorithm, and simple to im-

plement.

3.1 Heuristic A: Tree-Greedy

This is a greedy heuristic, in that it computes each tree T

i

based on all previously

computed T

j

trees, 1 � j < i. We start with graph G

1

= G, and compute T

1

as its minimum spanning tree. We then update the weights obtaining graph G

2

to reect that n� 1 edges were chosen. The updated weight of a chosen edge e

will be c(e; 2) = 2w

p

(e; 2)� w

p

(e; 1), its incremental cost as de�ned in (1). The

next tree, T

2

, will be the minimum spanning tree of G

2

and so on, until we have

obtained k trees.

Any minimum spanning tree algorithm can be used to implement this heuris-

tic. We analyze two possibilities: using Prim's algorithm and Kruskal's algo-

rithm [2].

Implementing Prim's algorithm using a Fibonacci heap makes it run in O(m+

n logn) time. As Heuristic A executes this algorithm k times, its complexity is

O(k(m+ n logn)).

Kruskal's algorithm requires a preprocessing edge-sorting step that costs

O(m logm). Using a union-�nd data structure with the usual path-compression

and weighted-union techniques, the main loop costs O(m�(2n; n)) time. The

complexity of the algorithm is thus dominated by the complexity of the prepro-

cessing step. As Heuristic A requires k applications of the algorithm, its overall

complexity would be O(km logm). However, Heuristic A allows us to execute

Kruskal's algorithm more e�ciently. After the i-th (1 � i < k) execution of

Kruskal's algorithm, the set of edges can be partitioned into two subsets, one

(the �rst) containing the n � 1 edges of T

i

, and another (the second) with the

remaining edges. The latter is already sorted, since the incremental costs of

its edges were not changed. For the next step, all we have to do is sort the

�rst subset, merge it with the second, and apply Kruskal again. This takes

O(m�(2n; n) + n logn) time. This observation frees us from sorting the com-

plete set of edges in every step. The overall complexity of the heuristic is hence

O(m logm+ k(m�(2n; n) + n logn)).



3.2 Heuristic B: Edge-Greedy

Heuristic B is greedy too, but \grows" the trees of the desired solution all to-

gether, in a fashion reminiscent of the exact algorithm. We start with k forests,

each forest F

i

composed by the n vertices of G and no edges. We pick the edge

with the smallest incremental cost (and hence need a priority queue) and check

whether it can be inserted into some forest without creating a cycle. If we �nd

such a (valid) forest, the edge is inserted and its incremental cost is updated

in the queue; if a forest is not found, the edge can be discarded. This step is

repeated until k(n � 1) edges are inserted into the forests, which by then are

trees. There are at mostm steps in which a valid forest is not found, and k(n�1)

steps in which an edge is actually inserted. In each step, we must perform two

kinds of operations:

{ Edge selection: We must either remove an edge from the queue or update

its weight. We can perform both operations in O(logm) time if we represent

the priority queue as a binary heap.

{ Cycle checking: The most e�cient way to manage cycle-related information

is employing a union-�nd data structure. Since each forest may be checked

in every step, all cycle-related operations (considering the entire execution

of the algorithm) cost O((kn+m)�(2n; n)) time.

All costs considered, the overall time bound of Heuristic B is O((kn+m)(logm+

k�(2n; n)). We will now show that this time bound can be substantially improved

by using several di�erent techniques.

Monitoring Clusters. The �rst idea is to use an extra union-�nd structure (in

addition to the ones associated with forests) to represent clusters. Clusters are

subsets of vertices that are in the same connected component in every forest F

i

.

We start with n disjoint sets, each representing a vertex of G, and then

proceed to the execution of the algorithm as previously described. If we test

an edge e = (u; v) against every relevant forest and �nd that none is valid for

insertion, we conclude that vertices u and v belong to the same cluster, and

execute union(u; v) in the extra union-�nd structure. The performance gain will

be achieved if we verify whether the endpoints of an edge belong to the same

cluster before checking all forests in each step. If the vertices do belong to the

same cluster, we simply discard the edge and proceed to the next one, avoiding

a fruitless search.

The worst-case analysis of this approach is as follows: k(n � 1) success-

ful searches, O(n) unsuccessful searches (each resulting in a union operation),

and O(m) edges discarded without any search at all. Knowing that O(logm)

operations are required to select an edge and that each search checks up to

k forests, the overall time bound of this improved version of Heuristic B is

O(m logm+ kn(logm+ k�(2n; n))).

Discarding Trees. Another idea is to test edges only against a relevant subset of

the forests, those with more than one component (other forests can be discarded,



since no edge can be added to them without creating cycles). To implement this,

we keep the relevant forests (all of them, in the beginning of the algorithm) in

a linked list. As soon the (n� 1)-th edge is inserted into a forest F

i

, we remove

F

i

from the list. This makes the algorithm faster, although its asymptotic time

bound remains unchanged.

Ordering. For the running times presented so far, any forest scanning order can

be used. One may even adopt di�erent orders in each step. However, analyzing

the forests in the exact same order in every step yields a signi�cant improvement.

It does not matter which order it is, as long as it is the same in every step.

To show the improvement we will need to compare connected components

of the forests F

i

. We will do so considering only the set of vertices in each

component (not the edges). Suppose now that the �xed order in which forests

are considered is F

1

; F

2

; : : : ; F

k

. Then, the following is true:

Theorem 1. Any connected component in a forest F

i

is a subset (not necessarily

proper) of some connected component of F

i�1

, for 1 < i � k.

Proof. If there were a component C in F

i

whose vertices were not in the same

component of F

i�1

, then there would be an edge e joining some two vertices of C

that could be inserted in F

i�1

. This contradicts the fact that edges are inserted

in the �rst valid forest. ut

The following corollary is immediate.

Corollary 1. Let e(u; v) be an edge of G and let F

i

(1 � i < k) be the �rst

forest in which the insertion of e does not create a cycle (i.e., in which u and v

are in di�erent connected components). Then, e does not create a cycle in F

j

,

for every j such that i < j � k.

As a consequence of this result, for each pair of vertices u; v, we can divide

the set of forests into two subsets. In forests F

1

to F

i�1

, u and v belong to

the same connected component; in forests F

i

to F

k

, u and v are in di�erent

components. Our task is to �nd the �rst forest of the second subset. This can be

done using binary search over the k forests. This reduces the overall complexity

of the algorithm to O(m logm + kn(logm + �(2n; n) log k)). This complexity

assumes that cluster monitoring (as described above) is used.

Applying the tree-discarding technique presented above is still possible. In

fact, it becomes easier to implement when the forests are analyzed in a �xed

order. It follows from Theorem 1 that a forest F

i

(1 < i � k) can become a tree

only after every forest F

j

(1 � j < i) has already become a tree in previous

steps. In other words, the subset of forests which are trees is either empty or

can be expressed as fF

1

; F

2

; : : : ; F

s

g, for some s � k. Thus, when a forest F

i

becomes a tree, all we have to do is set s = i and restrict further searches to

forests F

s+1

; F

s+2

; : : : ; F

k

. Notice that the single variable s makes the linked list

for the tree-discarding technique unnecessary.



Indexed search. Even with all the improvements mentioned so far, the running

time of Heuristic B has a k log k factor, while Heuristic A is linear in k. As seen

above, the extra log k factor is due to the cost of searching for a valid forest to

insert a given edge. We now show that this search can be done in O(log n) time.

For this we need the concept of component-equivalence. Two forests F

i

(V;E

i

)

and F

j

(V;E

j

) are component-equivalent if and only if their vertices are parti-

tioned into the same connected components (recall that by \same component"

we mean components with the same set of vertices, but not necessarily the same

set of edges). With this de�nition we can now prove the following result.

Theorem 2. In any step of the algorithm, there are no more than min(n; k)

sets of component-equivalent forests.

Proof. This is trivial if k � n, since k is the number of forests. Therefore, let us

assume that k > n. An immediate consequence of Theorem 1 is that forests are

always sorted in non-increasing order by number of edges. That is, given forests

F

i

and F

i�1

(1 < i � k), either jE

i

j < jE

i�1

j or jE

i

j = jE

i�1

j. They cannot be

component-equivalent if the former holds, since the number of edges is di�erent.

On the other hand, if the second statement is true, Theorem 1 guarantees the

component-equivalence of F

i�1

and F

i

, which means they belong to the same

set. Thus the number of sets is equal to the number of strict inequalities. Since

a forest with n vertices may have no more than n � 1 edges, there are forests

with at most n di�erent number of edges in a given step of the algorithm (from

0 to n � 1). Hence, n is the maximum number of di�erent sets of component-

equivalent forests if k > n. ut

As described above, in every step of the algorithm we must look for a valid

forest F

i

for which i is minimum. The implementation discussed in the descrip-

tion of the ordering technique �nds this forest by performing binary search on

the list of forests. Using Theorem 2, we show that there is another and faster

way of �nding the same forest.

Let S

i

(0 � i � n � 1) be the set of component-equivalent forests with i

edges. For a given edge e, we must �nd the largest i such that e can be inserted

into a forest of S

i

without creating a cycle. Although e could be inserted into

any forest in S

i

, we must choose the �rst forest in S

i

according to the order

in which forests are being considered. Therefore, we must keep, for each set

S

i

, a reference to such forest, making the list of component-equivalent sets act

as an index to individual forests. To �nd the desired forest, we can perform a

binary search on a vector of indices, which has size n, costing us O(log n). We

call this index vector cindex. This is the general idea. However, there is a minor

detail that we must consider. Since any set S

i

may be empty in some steps of

the algorithm, we must decide which forest should be referenced to by cindex[i]

when this happens. We adopted the following solution: make cindex[i] represent

the �rst forest with i edges or fewer. Hence, when there is no i-edge forest, we

have cindex[i] = cindex[i � 1]. With this solution, cindex must be managed as

follows:



{ Initialization: Set cindex[i] = 1, for 0 � i � n� 1.

{ Search: Given an edge e, �nd, using binary search, the largest i such that e

can be inserted in cindex[i] and cannot be inserted in cindex[i+ 1].

{ Update: Let F

i

be the forest found in the previous step and jE

i

j be the

number of edges in it (after e is inserted). (Since jE

i

j increased by one, we

have to do something about cindex[jE

i

j � 1].) Set cindex[jE

i

j � 1] = i + 1,

which means that F

i+1

replaces F

i

as the �rst forest with jE

i

j � 1 edges or

fewer.

Notice that the second phase (search) can be unsuccessful, because there may

be, in some step of the algorithm, no i such that e can be inserted in F

i

. When

this happens, e can be removed from the queue.

We can now present the �nal analysis of Heuristic B. The only di�erence

we have introduced is the number of comparisons made when searching for a

forest to insert an edge. When cindex is used, O(log n) comparisons are re-

quired per search, as opposed to O(log k) without that auxiliary vector. In both

cases, all comparisons related to a certain forest take at most O(n�(2n; n)) total

time. Therefore, Heuristic B with cluster control and indexed search will run in

O(m logm+ kn(logm+ �(2n; n) logn)) time.

4 An Experimental Study

We have implemented and tested the exact algorithm, Heuristic A with Kruskal's

algorithm, Heuristic B, and a random algorithm (see next paragraph). Heuristic

A with Prim's algorithm and a binary heap was implemented, but preliminary

testing showed that it was considerably slower than A-Kruskal, and hence it was

not part of further testing.

The random algorithm builds k trees, and for each tree it selects (n�1) edges

randomly, using a union-�nd data structure to avoid cycle-creating edges. This

algorithm was implemented so that the proposed heuristics could be judged not

only on how close they get to the optimal solution but also how far they are

from a randomly found solution.

The implementation of the exact algorithm contains the following practical

improvement in algorithm RT motivated by our experience in developing Heuris-

tic B. When trying to insert an edge into a forest, we try all forests (in the same

�xed order) rather than invoke the labeling procedure after failing to insert the

edge into forest F

1

.

All programs were implemented in C++ and compiled with the GNU C

Compiler using the -O3 optimization ag. All tests were done on a DEC Alpha

600au with 1 GB of RAM. Every instance �t in memory, thus limiting I/O

operations to reading the input graph. The penalty function used was w

p

(e; i) =

iw(e). This results in a quadratic objective function.

The implementations were mostly tested on program-generated families of

instances. The generators were written by the authors. The families are as fol-

lows:



{ complu, a complete graph, with uniform distribution of distinct weights.

{ hyperb, a hypercubic lattice with a biased distribution of distinct weights;

the bias favors small weights; these graphs are sparse (m = 4n).

{ random, a random connected graph with uniform distribution of weights.

In reporting results we use the concept of solution quality. The quality of

solution S given by algorithm X is simply the ratio between the cost of S and

the optimal cost.

4.1 Results

Table 2 compares the three implementations with respect to running time, and

the two heuristics and the random algorithm with respect to solution quality, for

family complu and n = 100 with varying k. Table 3 is similar, but the instances

come from family hyperb, k = 100 and n varies. In both cases, running times

in each row are averages over three di�erent instances (di�erent seeds); and the

qualities reported are maxima (i.e. worst), except fot the random algorithm. The

random algorithm was run three times on each instance, and the value shown in

each row is the best solution found in the nine instances thus solved.

Both tables make it clear how much faster the heuristics are with respect

to the exact algorithm. In all these cases heuristic solution quality is within

0.05% of optimal. The random algorithm is sigi�cantly worse than the heuris-

tics. The di�erence in the quality values obtained by the random algorithm in

families complu and hyperb shows that this algorithm is sensitive to the weight

distribution, as expected.

Table 2. Results for family complu, n = 100

time (secs) quality

k exact A B A B random

100 2.32 0.08 0.04 1.000492 1.000496 4.92

200 6.97 0.13 0.08 1.000150 1.000149 4.51

300 12.37 0.20 0.12 1.000297 1.000302 4.29

400 17.67 0.28 0.16 1.000198 1.000197 4.13

500 21.99 0.36 0.20 1.000130 1.000130 4.06

To get an idea of how quality changes with di�erent values of k we ran

Heuristic A on a graph from TSPLIB (called brazil58). This is a complete graph

with n = 58. The results are shown in Figure 1. Results for Heuristic B are

essentially the same. We see that the worst case occurs for k = 5, and that for

large values of k quality tends to 1. For this instance and k = 1000, Heuristic A

took 0.52 secs, Heuristic B took 0.21 secs, while the exact algorithm took 22 secs.

Similar quality behavior was observed for other inputs. The random algorithm

in this experiment had the following behavior: for k = 1, its quality was 6.99;

for larger values of k, the quality improved, reaching 2.02 for k = 1000.



Table 3. Results for family hyperb, k = 100

time (secs) quality

n exact A B A B random

81 0.81 0.01 0.02 1.000461 1.000403 52.29

256 10.75 0.05 0.10 1.000254 1.000258 54.48

625 76.93 0.17 0.32 1.000310 1.000310 29.14

1296 364.21 0.41 0.85 1.000325 1.000325 15.69

1
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Fig. 1. Quality values of Heuristic A on instance brazil58.
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Fig. 2. Comparison of Heuristics A and B on instances from family random; n = 500

and k = 1000.

The last experiment compares the performance of heuristics A and B with

respect to running time, on family random, n = 500, k = 1000. We varied the

number of edges from m = 1200 (very sparse) to m = 124750 (complete), on a

total of 10 m values (twelve instances for each value of m). Results are shown in

Figure 2. We can see there that the km factor in the theoretical running time of

Heuristic A does have a considerable inuence in its performance in practice. We

note that running time variance in this experiment was large, which may explain

the odd behavior of B's running time towards the right end of the graph.

5 Final Remarks

The parallel edge technique is a standard way of dealing with certain nonlin-

ear optimization problems, such as the kMSTc problem, studied here. We have

shown that greedy heuristics, well implemented, represent an interesting alter-

native to solve this problem, if optimality is not crucial but running time is. In

addition these heuristics obtain results that are far better than random solutions.

We have also investigated the possibility of adding a lower bound computa-

tion to our heuristics. A simple lower bound for the kMSTc problem is a set of

k(n�1) edges (not necessarily distinct) of G such that the sum of their penalized

weights is minimum and such that no more than k copies of any given edge are

selected. The computation of this lower bound can be done as follows. Initially,



we must insert every edge e 2 E into a priority queue and set counter

e

= 0.

In each step of the algorithm, we remove the �rst edge (e) from the queue and

increment counter

e

. If the new value of counter

e

is k, e can be discarded; if

counter

e

< k, we must update the incremental cost of e and reinsert it into the

queue. We stop after k(n � 1) steps. If the priority queue is implemented as a

binary heap, each step will require O(logm) time. This yields a running time of

O(kn logm), asymptotically better than any of the algorithms discussed so far.

This lower bound is so simple that its computation can be incorporated into

any of the heuristics, thereby creating a program that will output a quality

measure of the solution obtained, while still being much faster than the exact

algorithm. However, preliminary experiments have shown that this lower bound

is not consistently strong for this purpose (there are cases in which it attains

only 50% of the optimum value). We are currently trying to improve this bound

and at the same time keep it fast to compute.

Several other lines of future research suggest themselves: is there a faster

exact algorithm for kMSTc? Are the heuristics in fact approximation algorithms?

What is the behavior of the heuristics for other penalty functions? In what other

congestion problems can these greedy techniques be applied?
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