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Abstract. We propose and describe a hybrid GRASP with weight perturbations and adaptive
path-relinking heuristic (HGP-PR) for the Steiner problem in graphs. In this multi-start approach,
the greedy randomized construction phase of a GRASP is replaced by the combination of several
construction heuristics with a weight perturbation strategy that combines intensification and diver-
sification elements, as in a strategic oscillation approach. The improvement phase circularly explores
two different local search strategies: the first uses a node-based neighborhood for local search, while
the second uses a key-path-based neighborhood. An adaptive path-relinking technique is applied to
a set of elite solutions as a post-optimization strategy. Computational experiments on a large set
of benchmark problems of three different classes are reported. We first illustrate the effectiveness
of preprocessing procedures for several classes of test problems. Next, we present computational
results illustrating the contribution of each algorithmic feature to the robustness of the complete al-
gorithm. Finally, we show that our algorithm outperforms other heuristics in the literature, obtaining
consistently better or comparably good solutions for all classes of test problems.
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1. Introduction. Let G = (V, E) be a connected undirected graph, where V is
the set of nodes and E denotes the set of edges. Given a non-negative weight function
w : E → IR+ associated with its edges and a subset X ⊆ V of terminal nodes, the
Steiner problem in graphs (SPG) consists in finding a minimum weighted connected
subtree of G spanning all terminal nodes in X. The solution of SPG is a Steiner
minimum tree. The non-terminal nodes that end up in the Steiner minimum tree are
called Steiner nodes.

The Steiner problem in graphs is a classic combinatorial optimization problem,
see e.g. Hwang, Richards, and Winter [21], Maculan [27], and Winter [40] for surveys.
Karp [22] showed earlier that its decision version is NP-complete in the general case.
Applications can be found in many areas, such as telecommunication network design,
VLSI design, and computational biology, among others.

Several heuristics are available for the approximate solution of the Steiner prob-
lem in graphs, see e.g. Duin and Voss [11], Hwang et al. [21], and Voss [39] for recent
surveys. Effective preprocessing algorithms based on variable fixation theorems which
allow strong graph reductions have been described and implemented by Duin [9], Duin
and Volgenant [10], Koch and Martin [24], and Uchoa et al. [36], among others. Con-
structive methods were proposed, e.g. by Choukmane [5], Kou et al. [25], Plesńık [32],
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Rayward-Smith and Clare [33], and Takahashi and Matsuyama [35]. Improvement
heuristics based on the insertion of Steiner nodes were proposed by Minoux [31] and
Voss [38]. An efficient local search procedure based on the exchange of key-paths was
described by Verhoeven et al. [37]. Among some efficient approximate algorithms,
we find implementations of metaheuristics such as genetic algorithms (Esbensen [12]
and Kapsalis et al. [23]), tabu search (Bastos and Ribeiro [1], Duin and Voss [11],
Gendreau et al. [16], Ribeiro and Souza [34], and Xu et al. [42, 43]), GRASP (Martins
et al. [28, 29, 30]), and simulated annealing (Dowsland [8]).

GRASP is a metaheuristic for combinatorial optimization [14], in which each
iteration has two phases: construction and local search. The best solution over all
iterations is returned as the result. In this paper, we describe a hybrid GRASP proce-
dure for the Steiner problem in graphs, following the perturbation strategy proposed
by Canuto et al. [3] for the prize-collecting Steiner tree problem and integrating other
elements from different metaheuristics. In this multi-start approach, the construction
phase of a GRASP is replaced by the combination of several construction heuristics
with a weight perturbation strategy. A strategic oscillation scheme combining in-
tensification and diversification elements is used for the perturbation of the original
weights. The improvement phase circularly explores two different local search strate-
gies: the first uses a node-based neighborhood for local search, while the second uses
a key-path-based neighborhood. An adaptive path-relinking technique is applied to a
set of elite solutions as an intensification strategy.

In the next section, we present the basic structure of the hybrid GRASP procedure
based on weight perturbations. Section 3 describes the weight perturbation strategy.
In Section 4 we describe the heuristics used in the construction phase and their combi-
nation. The local search procedure based on the cyclic investigation of node-based and
key-path-based neighborhoods is described in Section 5. The hybrid path-relinking
procedure and the construction of the pool of elite solutions are described in Section 6.
Test problems and preprocessing results illustrating the effectiveness of reduction pro-
cedures are introduced in Section 7. Computational experiments on a large number
of benchmark problems with different characteristics are reported in Section 8. We
give computational evidence that each algorithmic feature contributes independently
to improve solution quality. Results illustrating the effectiveness and the robustness
of the new algorithm are also discussed. Concluding remarks and comparisons with
other literature algorithms are made in Section 9.

2. Hybrid GRASP with perturbations. We apply the basic structure and
the main concepts of a GRASP (greedy randomized adaptive search procedure) to
devise a hybrid algorithm for the approximate solution of the Steiner problem in
graphs. GRASP [13, 14] can be seen as a metaheuristic which captures good features
of pure greedy algorithms (fast local search convergence and good quality solutions)
and also of random construction procedures (diversification to explore the solution
space). Each iteration consists of a construction phase followed by a local search
phase. Path-relinking is applied as a post-optimization intensification strategy.

In the construction phase, a feasible solution is built by a randomized greedy
algorithm. The solutions generated by a GRASP construction are not likely to be
locally optimal. Hence, it is almost always beneficial to apply local search as an
attempt to improve each constructed solution. A local search algorithm works in an
iterative fashion by successively replacing the current solution by a better one from its
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neighborhood. Success for a local search algorithm depends on the suitable choice of
a neighborhood structure, efficient neighborhood search techniques, and the starting
solution. The GRASP construction phase plays an important role with respect to this
last point, since it produces good starting solutions leading the local search to fast
convergence.

In the case of our hybrid GRASP with weight perturbations procedure, the con-
struction phase is implemented using a number of greedy heuristics combined with
weight perturbations randomly recomputed at each iteration. The idea of introduc-
ing some noise into the original weights is similar to that in the so-called “noising
method” of Charon and Hudry [4]. It adds more flexibility into algorithm design and
may be even more effective than the greedy randomized construction of the basic
GRASP procedure, in some circumstances where the construction algorithms are not
very sensitive to their randomization. This is indeed the case for the shortest-path
heuristic of Takahashi and Matsuyama, described in Section 4 and used as one of the
main building blocks of our construction phase. Figure 2.1 illustrates the pseudo-
code of a generic hybrid GRASP implementation. The algorithm takes as an input
parameter the maximum number of GRASP iterations. The customization of these
generic steps into an approximate algorithm for the Steiner problem in graphs will be
described in the following sections.

procedure Hybrid GRASP with perturbations(max iterations)
1 Read and preprocess the input data;
2 for k = 1, . . . , max iterations do

3 Apply a perturbation strategy to the original weights;
4 Construct a greedy solution using the weights after perturbation;
5 Apply local search to this solution using the original weights;
6 Update the pool of elite solutions;
7 end for;
8 Apply path-relinking to the pool of elite solutions;
9 Return the best solution found;
end Hybrid GRASP with perturbations;

Fig. 2.1. Pseudo-code of the generic hybrid GRASP with perturbations algorithm

3. Weight perturbation strategy. The construction phase of our hybrid pro-
cedure relies on weight randomization to build different solutions at different iter-
ations. Edge weights are randomly perturbated at each iteration and one of the
construction heuristics described in the next section is applied to the original graph
with the modified weights.

The methods used for weight randomization incorporate learning mechanisms
associated with intensification and diversification strategies originally proposed for
tabu search methods. Three distinct weight randomization methods (D, I, U) are
applied along the algorithm. At each GRASP iteration i, the modified weight wi

e
of

each edge e ∈ E is randomly selected from a uniform distribution between we and
ri(e) · we, where the coefficient ri(e) depends on the selected weight randomization
method applied at iteration i. Let ti−1(e) be the number of locally optimal solutions
in which edge e ∈ E appeared, after i − 1 iterations of the hybrid GRASP procedure
have been performed. Clearly, 0 ≤ ti−1(e) ≤ i − 1. Table 3.1 displays how the
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coefficients ri(e) are computed by each randomization method.

Table 3.1

Maximum randomization coefficients

Method ri(e)
D 1.25 + 0.75 · ti−1(e)/(i − 1)
I 2 − 0.75 · ti−1(e)/(i − 1)
U 2

In method D, values of the coefficients ri(e) are larger for edges which appeared
more frequently in previously found local optima. This scheme leads to a diversifica-
tion strategy, since more frequently used edges are likely to be penalized with stronger
augmentations. Contrarily, method I is an intensification strategy penalizing less fre-
quent edges with larger coefficients ri(e). Finally, in the third randomization method
U weights are penalized according to a uniform strategy, which is not affected by
frequency information.

The original weights without any penalization are used in the first three itera-
tions, once for each construction heuristic. The weight randomization methods are
then cyclically applied, one at each of the remaining iterations, starting with method
I, next D, then U , then I again, and so on. The alternance between diversifying
(method D) and intensifying (method I) iterations characterizes a strategic oscilla-
tion approach [18]. Computational results illustrating the effectiveness of this strategy
will be reported later in Section 8.1.

4. Construction phase. At each iteration i of the hybrid GRASP procedure,
one of the heuristics described below is randomly selected to build a new solution in the
construction phase. As described in the previous section, the constructive heuristics
make use of the modified edge weights wi

e
in all but the first three iterations, in which

the original weights we are used.

The first one is a fast implementation of the shortest-path heuristic (SPH) of
Takahashi and Matsuyama [35], using any randomly selected terminal node as the
root of the initial tree. At any iteration, let H be the set of terminal nodes already
spanned by the current tree and s ∈ X \ H be its closest non-spanned terminal
node. Then, the algorithm appends to the current tree all nodes in the shortest path
from s to it and inserts s into the set H of already spanned terminal nodes. The
algorithm stops as soon as all terminal nodes have been spanned. Since the shortest-
path heuristic performs exactly |X| − 1 iterations and Dijkstra’s algorithm [6, 7] is
applied at each iteration for the computation of shortest paths, the overall complexity
of this procedure is O(|X||E| log |V |).

The second heuristic is based on Kruskal’s algorithm for finding the minimum
spanning tree of a graph. Initially, there are |X| connected components, each made
up by a single terminal. In each iteration, we find the shortest path joining two
connected components. The vertices in both components and those in this path
are combined into a new, bigger component. The algorithm stops when a single
component spanning all terminals is created. In each step, the algorithm must find
the shortest path connecting two components. At the first iteration, this can be
achieved by |X| − 1 executions of Dijkstra’s algorithm, each one having a different
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terminal as source and stopping as soon as some other terminal is reached. These
computations allow finding the closest terminal for every component. In each of the
following |X| − 2 iterations, this piece of information can be updated with a single
application of Dijkstra’s algorithm, with the vertices of the newly created component
as sources. Since there are O(|X|) executions of Dijkstra’s algorithm and each one
takes O(|E| log |V |) time, the total running time of the heuristic is O(|X||E| log |V |).

Finally, the third algorithm is a minimum-spanning-tree-based heuristic. First, a
minimum spanning tree of the original graph G = (V, E) is computed. If all leaves are
terminal nodes, then the algorithm returns the current tree. Otherwise, all degree one
non-terminal nodes are removed from the tree and a new minimum spanning tree of
the graph induced in G by the nodes remaining after pruning is computed. These steps
are repeated until no further pruning of the current tree is possible. Since at most
|V | − |X| iterations are necessary and each minimum spanning tree can be computed
in time O(|E| ·α(E, V )) using Kruskal’s algorithm [26] with edges preordered at each
GRASP iteration according to their perturbated weights, then the overall complexity
of the complete algorithm is O(|V ||E|α(|E|, |V |)), where α(., .) is the inverse of the
Ackerman function (see e.g. Cormen et al. [6]). This strategy can be applied together
with the two previous heuristics.

We note that other construction heuristics could be used together with or instead
of those outlined above, with their application alternated at different iterations. The
main outcome of the combination of different heuristics lies on the fact that they may
generate structurally different solutions, driving the local search procedure to explore
different regions of the solution space which otherwise would not be investigated.
This leads to a more robust algorithm, since a single heuristic is not likely to be
appropriate to all classes of instances. Multiple heuristics can be chosen so as to
deal more efficiently with a wider variety of classes. Computational results reported
later in Section 8.2 have shown that, in the specific case of our hybrid GRASP with
perturbations algorithm for the Steiner problem in graphs, the above combination
was able to ensure enough solution diversity and consistently led the procedure to
find quite good solutions.

5. Local search. As proposed by Martins et al. [30], two neighborhood defi-
nitions are combined to yield a more effective local search strategy: a node-based
neighborhood and a key-path-based neighborhood. The local search procedure starts
from the solution produced by the construction phase by applying one of the two local
search algorithm described in Sections 5.1 and 5.2 below. Next, the other local search
algorithm is applied to the locally optimal solution produced by the latter. These
two local search algorithms are successively applied until one of them is not able to
improve the solution previously produced by the other.

5.1. Node-based neighborhood. We can associate a feasible solution of SPG
with each subset S ⊆ V \X of Steiner nodes such that the graph induced in G = (V, E)
by S ∪ X is connected. Let S∗ be the set of Steiner nodes in the optimal solution of
SPG. Then, the optimal solution T ∗ to SPG is a minimum spanning tree of the graph
induced in G by the node set S∗ ∪ X. Solutions of the Steiner problem SPG may be
characterized by their associated sets of Steiner nodes and one of the corresponding
minimum spanning trees. Accordingly, the search for the Steiner minimum tree T ∗

can be reduced to the search for the optimal set S∗ of Steiner nodes.
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Let S be the set of Steiner nodes, to which we associate a solution of SPG given
by a minimum spanning tree T (S) of the graph induced in G by S ∪X. In the node-

based neighborhood, the neighbors of this solution are defined by all sets of Steiner
nodes which can be obtained either by adding to S a new non-terminal node, or by
eliminating from S one of its Steiner nodes.

Each solution S has at most |V |− |X| feasible neighbors. Nodes are examined for
either insertion or elimination in circular order. In the case of a node s /∈ S candidate
for insertion, we first check in time O(|V |) if it may lead to a feasible solution by
investigating if there are at least two edges connecting s with the nodes currently in
S. Next, we compute a minimum spanning tree T (S ∪ {s}) of the subgraph induced
in G by (S ∪ {s}) ∪ X. There are O(|V |) candidate edges to appear in T (S ∪ {s}),
which are those already in T (S) and those connecting s to the nodes in S ∪X. If the
edges of the graph and the edges adjacent to each node are stored in the ascending
order of the original weights, then the new minimum spanning tree can be quickly
found in time O(|V | · α(|V |, |V |)) using Kruskal’s algorithm [6, 26]. In the case of a
node s ∈ S candidate for elimination, we calculate in O(|E| · α(|E|, |V |)) time the
minimum spanning tree T (S \ {s}) of the subgraph induced in G by (S \ {s}) ∪ X.

In both cases (insertion or elimination), all degree one non-terminal nodes of each
neighbor are pruned. A feasible neighbor solution replaces the current one whenever
its cost is not greater than that of the latter. The local search resumes from the next
to be examined node. The procedure stops at a local optimum after a full pass of all
nodes without improvement in the cost of the best solution. Since the current solution
is replaced by the first improving neighbor, the order in which nodes are investigated
may affect the solution found. So as to drive different applications of the local search
to different solutions, at each iteration the nodes are investigated in a circular order
defined by a different random permutation of their original indices.

5.2. Key-path-based neighborhood. A key-node is a Steiner node with de-
gree at least three. A key-path is a path in a Steiner tree T of which all (if any)
intermediate nodes are Steiner nodes with degree two in T and whose extremities
are either terminals or key-nodes. A Steiner tree has at most |X| − 2 key-nodes and
2|X| − 3 key-paths. A minimum Steiner tree consists of key-paths that are short-
est paths between key-nodes or terminals. We use the key-path-based local search,
proposed by Verhoeven et al. [37].

Let T = {l1, l2, . . . , lK} be a Steiner tree, where each li, i = 1, . . . , K, denotes
a key-path. Also, let Ci and C ′

i
denote the two components that result from the

removal of the key-path li from T . The key-path-based neighborhood of the current
tree T is defined as the set N(T ) = {Ci∪C ′

i
∪sp(Ci, C

′

i
) | i = 1, . . . , K} of trees, where

sp(Ci, C
′

i
) is the shortest path between Ci and C ′

i
. Observe that Ci ∪ C ′

i
∪ {li} = T

and that N(T ) has at most 2|X| − 3 elements. We note that solutions only have
neighbors with lower or equal cost. The replacement of a key-path in T can lead to
the same Steiner tree if no shorter path exists. This implies that local minima have
no neighbors and that the neighborhood is not connected.

As in the case of the node-based neighborhood, nodes are examined in circular
order. Also, since the current solution is replaced by the first improving neighbor,
the order in which the key-paths are investigated may affect the solution found. As
before, to diversify the solutions found by local search, at each iteration the nodes
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are investigated in a circular order following a different random permutation of their
original indices. We investigate all key-paths originating at each node, avoiding the
investigation of paths already examined. Local search is performed by the compu-
tation of the shortest path between the two subsets of nodes that remain after the
removal of each key-path. The search always moves to improving neighbors and stops
after a full pass of all nodes without improvement in the weight of the best solution.
The criteria for determining wether a neighbor is “improving” or not are:

1. If the weight of the new neighbor is strictly smaller than that of the current
solution (i.e., if the weight of the new shortest path is smaller than that of
the candidate key-path for elimination), it replaces the latter.

2. In case both paths have the same weight, we replace the current solution by
the new neighbor if the new shortest path has more terminals as extremities
than the original key-path. The rationale for this criterion is that a key-path
with more terminals as extremities leads to the reduction of the degree of at
least one key-node and, eventually, to a reduction in the number of key-nodes
by a contraction of two key-paths. This longer key-path will have a greater
chance of being replaced at some future iteration.

3. Finally, in case both the original key-path and the new shortest path have the
same weight and the same number of terminals as extremities, we keep the
solution with the longest of the two paths in terms of the number of nodes.
Longer key-paths are more likely to yield a reduction in solution weight at
future iterations of the local search.

In case the two solutions are different, but equivalent with respect to these se-
lection heuristics, we replace the current solution by the new neighbor. The above
criteria are quite effective whenever there are multiple paths connecting the same pair
of nodes, which happens very often in degenerated instances where many edges have
the same weight. To make them still more effective, they are embedded in the shortest
path algorithm itself. Whenever the algorithm has to choose between two paths with
the same weight, it chooses the one connecting more terminal nodes or that with the
largest number of nodes.

6. Path-relinking and elite solutions. Path-relinking generates new solutions
by exploring trajectories that connect elite solutions [17, 19, 20]. Starting from one
or more of these solutions, paths in the solution space leading towards other guiding
elite solutions are generated and explored in the search for better solutions. This is
accomplished by selecting moves that introduce attributes contained in the guiding
solutions. Path-relinking may then be viewed as a strategy that seeks to incorporate
attributes of high quality solutions (elite solutions), by favoring these attributes in
the selected moves.

To implement post-optimization intensification strategies based on path-relinking
for the Steiner problem in graphs, our hybrid GRASP procedure with weight pertur-
bations maintains and handles a pool with a fixed number of at most p elite solutions
identified along the search, whose construction is described below. Two alternative
path-relinking strategies exploring this pool of elite solutions are described in Sec-
tions 6.2 and 6.3. An adaptive hybrid path-relinking strategy is presented in Sec-
tion 6.4.
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6.1. Pool construction. The pool of elite solutions is first initialized with p
“null” solutions, whose cost is artificially made equal to infinity. Any solution obtained
at the end of the local search will be considered as a new elite solution to replace the
current worst in the pool if it is different from every other solution currently in the
pool and strictly better than the worst one.

This original pool is said to constitute the first (or current) generation of elite
solutions. The next (or new) generation pool is again initialized with null solutions.
The solutions generated by the relinking schemes described in the next sections are
progressively inserted into this next generation pool, whenever they satisfy the above
criteria. If the best solution in the next generation pool improves the best one of
the current generation, then path-relinking is applied again to the new generation;
otherwise it stops.

6.2. Path-relinking by complementary moves. This strategy is similar to
that already used by Bastos and Ribeiro [1] in their reactive tabu search algorithm for
the Steiner problem in graphs. For each pair of elite solutions (initial and guiding) in
the pool, we first compute their symmetric difference, i.e., the set of all nodes which
are Steiner nodes in one of them, but not in the other. This set defines the moves
(insertions and/or eliminations) which should be applied to the initial solution until
the guiding solution is attained. Starting from the initial solution, we always perform
the best (most decreasing or least increasing) remaining move still in this list, until
the guiding solution is attained. The best solution found along this trajectory is a
candidate for insertion in the next generation pool.

6.3. Path-relinking by weight penalization. In this strategy, path-relinking
is applied to each pair of elite solutions by means of a random perturbation of edge
weights, followed by the application of the shortest-path heuristic (using the modified
weights) of Takahashi and Matsuyama described in Section 4. Once a solution has
been constructed with the modified edge weights, the original weights are restored and
the hybrid local search procedure described in Section 5 is applied to the previously
constructed solution.

The weight perturbation function is devised so as to make the constructive heuris-
tic find solutions preserving characteristics that are shared by both solutions in each
pair. The weights of edges common to both solutions are kept unchanged. Weights of
edges appearing in only one solution are multiplied by a strong penalty factor, ran-
domly generated with a uniform distribution in the interval [50, 100]. Finally, weights
of edges appearing in none of them are made artificially high (they are multiplied by
2000 in our implementation), in order to avoid their use by the construction procedure.

6.4. Adaptive hybrid path-relinking. The second path-relinking scheme by
weight penalization is likely to be faster for sparser instances (i.e., those with too
many non-terminal nodes), since the scheme by complementary moves would have to
investigate too many candidate moves in such situations. This intuition was confirmed
by computational results which are later reported and commented in Section 8.4.
In terms of solution quality, both approaches lead to solutions of roughly the same
quality.

To make the path-relinking procedure more effective and robust, independently of
instance characterization, we propose the following hybrid adaptive procedure. In a
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first pass after the construction of the first generation pool, both schemes are applied
to relink the best solution in the pool with every other elite solution also in the
pool. If the pool contains p elite solutions, each scheme will perform p − 1 relink
operations. The path-relinking scheme with the smallest average computation time
is then applied to the remaining pairs of elite solutions in the pool (path-relinking by
weight penalization is chosen whenever the average computation times are equal).

7. Test problems and preprocessing. The computational experiments re-
ported in the next section were performed on three sets of test problems with quite
different characteristics. Different preprocessing strategies were applied to each set.
The hybrid GRASP with perturbations procedure described in the previous sections
was applied exclusively to the instances not solved to optimality by the preprocessing
procedures themselves.

7.1. OR-Library instances. This set is made up by the 20 randomly generated
instances from each of the series C, D, and E of problems available from the OR-
Library [2], which are often used as benchmark instances for the Steiner problem.
Integer edge weights were randomly generated in the interval [1, 10]. Problems in series
C have |V | = 500 nodes, problems in series D have 1000 nodes, and those in series E
have 2500 nodes. The number of edges in each series range from |E| = 1.25 × |V | to
|E| = 25 × |V |, while the number of terminals ranges from |X| = 5 to |X| = |V |/2.
Optimal solutions are known for all problems in this series.

These instances may be significantly reduced by preprocessing. We applied the
classical tests from Duin and Volgenant [10] and a new test proposed by Uchoa et
al. [36]. An outline of the preprocessing procedure follows. We first apply the Nearest
Special Vertex (NSV) test [10] (also known as Terminal Distance test [24], for the
fixation of short edges at one), until no further reduction is possible. Next, we apply
the Special Distance (SD) test [10] once for each edge (for the fixation of long edges at
zero) and the simple Degree (D) test [10] (which is actually a group of tests consisting
of the elimination of non-terminal nodes with degree one, fixation at one of edges
adjacent to terminals with degree one, and collapse of edges adjacent to non-terminal
nodes with degree two by a single edge). After that we exhaustively apply tests
D, NSV, and SD, i.e., these tests are cyclically applied until no further reduction
is possible. Finally, we apply tests D, NSV, and SD with Expansion (SDExp) [36]
exhaustively.

7.2. VLSI instances. We consider a set of 116 instances extracted from real
VLSI layout problems by Koch and Martin [24] and available from the Steinlib repos-
itory (ftp://ftp.zib.de/pub/mp-testdata/steinlib). They are defined over grid graphs
with holes. Instance sizes range from a few hundred vertices and edges, to larger
problems with up to 36,711 vertices and 68,117 edges (alut2625), with the number
of terminals varying from 10 to 2344. Koch and Martin [24] themselves found opti-
mal solutions for 83 of these instances. More recently, Uchoa et al. [36] solved other
29 instances to optimality. Optimal solutions are still unknown for four instances
(alue7065, alue7080, alut2610, and alue2625) in this class.

VLSI instances cannot be significantly reduced by the traditional Duin and Vol-
genant’s tests [10]. Uchoa et al. [36] presented new reduction tests particularly suited
to such instances, by enhancing the existing tests with the idea of expansion intro-
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duced by Winter [41] for the rectilinear Steiner tree problem. While the traditional
tests only remove edges satisfying some fixed condition, the tests with expansion adopt
an “on-line theorem proving” approach. They start by assuming that a certain edge e
belongs to every optimal solution and use the traditional conditions to derive a chain
of logical implications, demonstrating that certain edges do or do not belong to an
optimal solution. If a contradiction is reached, the initial assumption is proved to be
false, i.e., there exists an optimal solution that does not use edge e and the latter may
then be removed. Since the resulting SD with Expansion (SDExp) and Bottleneck
Degree 3 with Expansion (BD3Exp) tests may be computationally expensive, we used
two restricted, but faster versions of each of them, by limiting the amount of “look
ahead”. We begin with the restricted versions of these tests to find the “easy” reduc-
tions, leaving the complete and expensive tests to be applied to the already reduced,
smaller instances. The outline of our preprocessing procedure can be described as
follows. We start with test D and the most restricted versions of tests SDExp and
BD3Exp exhaustively applied. Next, we apply (also exhaustively) test D along with
the less restricted versions of tests SDExp and BD3Exp. Next, we apply the NSV
test. Finally, we exhaustively apply tests D, SDExp (complete), BD3Exp (complete),
and NSV until no further reductions can be obtained.

7.3. Incidence instances. The incidence problems were created by Duin and
Voss [11] so as to make currently known reduction tests ineffective, which was con-
firmed in practice by Koch and Martin [24]. These instances are divided into four
series, according to their number of vertices: 80 (series dv-80), 160 (dv-160), 320
(dv-320), and 640 (dv-640) vertices. Within each series, there are 20 different combi-
nations of edge and terminal densities, each with 5 instances.

7.4. Reductions. In general, preprocessing helps the heuristics to find improved
solutions in smaller computation times, due to variable fixations and graph reductions.
In some extreme cases, preprocessing may even find by itself the optimal solutions
to some instances. The preprocessing procedures outlined in Sections 7.1 and 7.2,
based on the reduction tests proposed by Duin and Volgenant [10] and Koch and
Martin [24], together with the enhanced tests described by Uchoa et al. [36], have
been coded in C++ and compiled with GCC using the full optimization -O3 flag. They
have been applied only to the OR-Library and VLSI instances, since the incidence
instances are almost insensitive to reduction tests.

Computational results obtained for the 60 OR-Library instances and the 116
VLSI instances on a 350 MHz AMD K6-2 with 128 MB of memory are presented
in Tables A.1 to A.6. For each of these instances, we give the preprocessing time
in seconds and the characteristics (number of nodes, edges, and terminals) of both
the original graph and the one obtained after the reductions. The preprocessing
procedures are quite effective, being able to strongly reduce the number of vertices
and edges of the original graphs. They are even able to solve to optimality by
themselves alone three OR-Library instances (c20, d20, e20) and 39 VLSI instances
(alue7229, alut2764, diw0250, diw0260, diw0313, diw0393, diw0460, diw0495, diw0513,
diw0523, diw0540, dmxa0296, dmxa0628, dmxa0734, dmxa1010, dmxa1304, dmxa1516,
gap1307, gap1413, gap1500, gap1810, gap2119, gap2800, gap2975, msm0654, msm1707,
msm1931, msm2000, msm3277, msm3676, msm4038, msm4114, msm4190, msm4224,
msm4414, taq0891, taq0910, taq0920, and taq0978).
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In the next section, we report computational results obtained with the hybrid
GRASP procedure described in Sections 2 to 6 for the instances not solved to opti-
mality by preprocessing (57 reduced OR-Library instances, 77 reduced VLSI instances,
and 400 original incidence instances).

8. Computational results. The hybrid GRASP procedure with weight per-
turbations and adaptive path-relinking was also coded in C++ and compiled with GCC

using the full optimization -O3 flag. In this section, we report computational results
obtained with the hybrid GRASP procedure on a 350 MHz AMD K6-2 with 128 MB
of memory for all incidence instances and for the OR-Library and VLSI instances not
solved to optimality after preprocessing.

We investigate the behavior of several components of the hybrid GRASP proce-
dure and compare the results obtained by this new algorithm with respect to other
heuristics in the literature. We note that the computational study reported below in
Sections 8.1 to 8.4 should be considered much more as an illustration of the robustness
and of the effectiveness of different strategies described throughout this work, instead
of as a parameter tuning experiment. Final results for all instances are discussed in
detail in Section 8.5, where the issues of solution quality and algorithm robustness
are also addressed.

8.1. Weight randomization strategies. In this section, we evaluate the ef-
fectiveness of the weight randomization strategy proposed in Section 3, showing that
the combination of the three perturbation methods D, I, and U is quite robust and
most often leads to better results than if they were otherwise used.

A total of 370 instances (57 OR-Library instances, 73 VLSI instances for which
the optimal value is known, and 240 incidence instances with up to 320 nodes — the
complete, time consuming but relatively easy incidence instances have been discarded)
are used in the computational study whose main results are reported in Table 8.1.
This table reports results obtained after 128 hybrid GRASP iterations, followed by
the application of the adaptive path-relinking strategy described in Section 6.4. The
three heuristics described in Section 4 are used in the construction phase, combined
as described in Section 3.

Each instance was run five times, using five consecutive prime numbers starting
at 270001 as seeds. We discarded all instances for which the seven weight perturba-
tion methods led to the same final average solution over the five runs (52 OR-Library
instances, 55 VLSI instances, and 135 incidence instances). We report three differ-
ent statistics concerning the effectiveness of each combination of weight perturbation
methods. The first result gives the average relative error obtained with the corre-
sponding method over all these instances. For each run, the relative error observed
with some perturbation method is computed with respect to the best average solution
value among those found for this instance with the seven different perturbation meth-
ods compared. The second result is the score achieved by each perturbation method
considering all instances. For a given instance, the score of a method M is defined as
the number of methods that found better average solutions than M . In other words,
if M found the best solution, its score is 0; if it found the second best, it is 1; and
so on, until 6. In case of ties, all methods involved receive the same score, equal to
the number of methods strictly better than all of them. To compute the overall score
of each method, we simply sum the scores it obtained in every instance. Finally, the
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third result indicates the number of instances for which each perturbation method led
to the best average solution value among those found by the seven combinations.

Table 8.1

Combinations of weight perturbations methods: results after 128 hybrid GRASP iterations fol-
lowed by adaptive path-relinking, using the mix of three construction heuristics

Series Strategy Rel. error (%) Score Best
OR-Library D 0.016 5 3

(5 instances) DU 0.070 19 0
I 0.050 13 2

ID 0.076 11 2
IDU 0.019 6 2
IU 0.046 12 2
U 0.062 15 0

VLSI D 0.028 31 9
(18 instances) DU 0.022 26 9

I 0.085 78 2
ID 0.045 43 8

IDU 0.020 22 11
IU 0.036 48 7
U 0.005 13 12

Incidence D 0.115 237 43
(128 instances) DU 0.122 232 36

I 0.149 312 26
ID 0.122 297 28

IDU 0.113 222 43
IU 0.086 191 46

U 0.00125 268 34
Overall D 0.099 273 55

(151 instances) DU 0.106 277 45
I 0.136 403 30

ID 0.110 351 38
IDU 0.096 250 56

IU 0.077 251 55
U 0.106 296 46

For each class of instances, results in bold face indicate the best perturbation
method with respect to each evaluation criterion (relative average error, score, best
average solution value). We note that even though combination IDU , proposed in
Section 3, is not the one which led to the best results for each specific class of instances,
it is most often the second best and quite close to the best one. In fact, this is the
most robust combination, leading to the best overall results, as Table 8.1 shows. This
combination will be maintained in the remaining of this computational study.

8.2. Combination of construction heuristics. We now evaluate the influ-
ence of the mix of heuristics used in the construction phase. Since Takahashi and
Matsuyama’s shortest-path heuristic (T ) is by far the fastest and leads to the best
individual results among the three heuristics presented in Section 4, it appears in all
tested combinations. These combinations also involve the multi-span (M) and the
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Kruskal-based (K) heuristics. Once again, we notice that any other heuristics could
be combined within the construction phase.

The same 370 instances considered in the previous section have been used in the
computational study whose main results are reported in Table 8.2. This table reports
results obtained after 128 hybrid GRASP iterations, followed by the application of the
adaptive path-relinking strategy described in Section 6.4. The weight perturbation
strategy adopted was IDU .

As before, each instance was ran five times and all instances for which the four
tested combinations of construction heuristics led to the same final average solution
over the five runs (52 OR-Library instances, 58 VLSI instances, and 147 incidence
instances) have been discarded. The same statistics described in the previous section
assess the effectiveness of each combination of construction methods.

Table 8.2

Combinations of construction heuristics: results after 128 hybrid GRASP iterations followed
by adaptive path-relinking, using the three randomization methods for weight perturbation

Series Strategy Rel. error (%) Score Best
OR-Library T 0.060 7 2
(5 instances) TK 0.098 9 1

TM 0.072 5 1
TMK 0.021 2 4

VLSI T 0.054 24 4
(15 instances) TK 0.061 19 6

TM 0.018 22 5
TMK 0.022 10 9

Incidence T 0.098 122 35
(93 instances) TK 0.097 116 38

TM 0.126 136 27
TMK 0.113 113 33

Overall T 0.091 153 41
(113 instances) TK 0.092 144 45

TM 0.109 163 33
TMK 0.097 125 46

Again, results in bold face indicate the best combination of heuristics with re-
spect to each evaluation criterion (relative average error, score, best average solution
value), for each class of instances. The combination TMK using all three construction
heuristics described in Section 4 is clearly the best for the OR-Library and the VLSI
instances. Since it also led to some of the best results for the incidence instances, this
combination will be selected and used in the sequel.

8.3. Effectiveness of the local search procedure. We now investigate and
compare the behavior of different local search strategies: (i) node-based local search
(N), (ii) path-based local search (P ), (iii) hybrid local search starting with the node-
based neighborhood (NP ), and (iv) hybrid local search starting with the path-based
neighborhood (PN). Unlike in previous sections, we have considered all instances
in this test (57 from the OR-Library, 77 VLSI instances, and 400 incidence prob-
lems). Detailed computational results for each series of test problems are reported in
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Table 8.3.

We report three different statistics concerning the effectiveness of each local search
strategy, with respect to the initial solution obtained by the shortest-path heuristic
of Takahashi and Matsuyama. Each of them corresponds to some possible evaluation
criterion to compare the different strategies. We discarded all instances for which
none of the local search strategies have been able to improve the initial solution (14
out of the 57 OR-Library instances, 25 out of the 77 VLSI instances, and 41 out of
400 incidence instances). The first result gives the average improvement obtained
with the corresponding local search strategy over all instances. For each instance,
the improvement observed with some local search strategy is computed with respect
to the initial solution found by the shortest-path heuristic. The second result is a
score achieved by each local search strategy, computed as described in Section 8.1.
The third result indicates the number of times each local search strategy led to the
best solution among those found by the four strategies. As before, results in bold
face indicate the best strategy for each evaluation criterion (improvement, score, best
solutions). Finally, we also give the average relative time of each local search strategy,
with respect to the time taken by the pure node-based local search. To avoid the effect
of small numbers, in this computation we discarded all instances for which the latter
took less than 0.3 seconds.

Table 8.3

Local search strategies

Series Strategy Improv. (%) Score Best Rel. time
OR-Library N 1.094 54 21 1.

(43 instances) P 2.149 65 17 0.129
NP 2.540 11 35 1.473
PN 2.429 14 34 0.882

VLSI N 0.784 106 14 1.
(52 instances) P 1.390 68 18 0.209

NP 1.606 15 42 1.952
PN 1.648 16 38 1.331

Incidence N 11.818 453 135 1.
(359 instances) P 2.818 635 112 1.604

NP 12.419 174 231 1.317
PN 12.419 224 249 2.829

Overall N 9.538 613 170 1.
(454 instances) P 2.591 768 147 1.380

NP 10.245 200 308 1.381
PN 10.239 254 321 2.562

The path-based local search is consistently faster than that using the node-based
neighborhood for both the VLSI and the OR-Library instances. The complexity of
evaluating each neighbor within both neighborhoods is roughly the same. However,
the number of neighbors is generally smaller in the case of the path-based neighbor-
hood, in which each solution has at most min{|V |−1, 2|X|−3} neighbors, while each
solution has |V | − |X| neighbors within the node-based neighborhood. The circular
hybrid local search strategies are not too much slower than the others.

As a general rule, we may say that the larger is the graph density or the number of
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terminal nodes, the better should be the behavior of the node-based local search with
respect to the path-based one in terms of solution quality. For very sparse instances,
such as those arising from VLSI problems, the first approach is quite ineffective. In
these cases, only very rarely a single node may be inserted or removed from the current
solution without leading to an infeasible solution. The results in Table 8.3 show that
the path-based neighborhood was more effective for VLSI and OR-Library instances,
while the node-based local search led to better results for the incidence instances.

The results in Table 8.3 show that the circular hybrid local search strategies
are much more effective, finding consistently better solutions than those using single
node-based or path-based neighborhoods. Since they start by applying either a single
node-based or a path-based local search, the solutions they find cannot indeed be
worse than those obtained with the first neighborhood. Due to their effectiveness,
we use the circular hybrid local search strategies combining the two neighborhoods
in the experiments reported next. At each GRASP iteration, we randomly select
between the two alternatives, starting from either the path-based or the node-based
neighborhood.

8.4. Path-relinking strategies. We have described in Sections 6.2 and 6.3
two alternative path-relinking schemes, based respectively on complementary moves
and on weight randomization. Sparse instances such as those arising from VLSI
problems are often degenerated, in which case good quality (elite) solutions may be
quite different and too many complementary moves may exist. In this case, path-
relinking based on complementary moves is likely to be very time consuming for
such instances. This observation led to the hybrid adaptive path-relinking strategy
described in Section 6.4.

Four different path-relinking strategies are investigated: (i) weight randomization
(WR), (ii) one-way complementary moves starting from the best among each pair of
elite solutions (CM1), (iii) two-way complementary moves starting from each solu-
tion in each pair of elite solutions (CM2), and (iv) hybrid adaptive path-relinking
(HA). Detailed computational results for each series of test problems are reported in
Table 8.4.

We report in this table three different statistics concerning the effectiveness of each
path-relinking strategy, with respect to the solution obtained after 128 iterations of
the hybrid GRASP procedure. Starting from the same 370 instances considered in
the experiments reported in Sections 8.1 and 8.2, we discarded all those for which
none of the path-relinking strategies has been able to improve the solution found
by the hybrid GRASP procedure (50 out of the 57 OR-Library instances, 60 out
of the 73 VLSI instances, and 165 out of the 240 non-complete incidence instances
with up to 320 nodes). The first result gives the average improvement obtained with
the corresponding path-relinking strategy over all instances. For each instance, the
improvement achieved by each path-relinking strategy is computed with respect to
the solution found after 128 iterations of the hybrid GRASP procedure. The second
result is a score achieved by each path-relinking strategy, computed as described
in Section 8.1. The third result indicates the number of times each path-relinking
strategy led to the best solution among those found by the four strategies. Once
again, results in bold face indicate the best strategy for each evaluation criterion
(improvement, score, best solutions). Finally, we also give the average relative time
of each path-relinking strategy, with respect to the time taken by strategy CM1. To
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avoid the effect of small numbers, in this computation we discarded all instances for
which the latter took less than 0.5 seconds.

Table 8.4

Path-relinking strategies

Instance Strategy Improv. (%) Score Best Rel. time
OR-Library WR 0.155 5 4 3.012
(7 instances) CM1 0.136 8 3 1.

CM2 0.149 3 4 1.970
HA 0.161 2 5 1.605

VLSI WR 0.101 3 10 1.135
(13 instances) CM1 0.033 25 2 1.

CM2 0.035 22 2 1.999
HA 0.101 3 10 1.081

Incidence WR 0.330 136 23 5.610
(75 instances) CM1 0.411 78 31 1.

CM2 0.447 30 53 1.904
HA 0.419 50 39 1.599

Overall WR 0.286 144 37 3.816
(95 instances) CM1 0.339 111 36 1.

CM2 0.368 55 59 1.944
HA 0.356 55 54 1.455

We first note that although the full application of the CM2 two-way complemen-
tary moves strategy takes approximately twice as much time as that of CM1, it led
to solutions which are only marginally better than those obtained by the latter. It
is also interesting to note that CM1 systematically led to better solutions whenever
it started from the best among the two elite solutions involved in the path-relinking
operation. This is due to the fact that this strategy explores much more carefully the
neighborhood of the initial solution than that of the guiding solution. Starting from
the best of them, we give the algorithm a better chance to explore more carefully the
neighborhood of the most promising solution. We also note that the complete appli-
cation of CM1 is generally faster, especially for incidence instances, than that of the
WR weight randomization strategy. However, although CM1 led to better solutions
than WR in the case of the incidence instances, the latter found much better solutions
for both the OR-Library and VLSI instances.

As described in Section 6.4, the adaptive path-relinking strategy is based on
sampling a one-pass series of relinking operations involving the best elite solution and
every other solution in the pool, using the schemes of both CM1 and WR strategies.
After this first pass, the algorithm proceeds by applying the full strategy associated
with the scheme which led to the smallest processing time after the initial path. As
both path-relinking strategies usually lead to similar-quality solutions, this adaptive
scheme aims at selecting the fastest strategy among the two. However, Table 8.4
shows that usually the chosen strategy is also the one leading to the best solution.

Table 8.5 summarizes the choices made by the adaptive path-relinking strategy,
along the five runs of each of the 370 instances involved in this experiment (for a total
of 1850 runs in this table). In conclusion, we note that (i) the scheme which leads to
the smallest processing times is most often also that which finds the best solutions after
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the application of the complete path-relinking strategy and that (ii) the adaptive path-
relinking strategy is quite efficient and systematically leads to improvements in the
solutions found at the end of the 128 hybrid GRASP iterations. The computational
results reported in Tables B.1 to B.10 and discussed in the forthcoming section are
based on the use of this hybrid adaptive path-relinking strategy.

Table 8.5

Choices made by the adaptive path-relinking algorithm

Series WR CM1
OR-Library (57 instances) 20.4% 79.6%
VLSI (73 instances) 59.7% 40.3%
Incidence (240 instances) 6.3% 93.7%
Overall (370 instances) 19.0% 81.0%

8.5. Solution quality and algorithm robustness. We display in Tables B.1
to B.10 final results for all 57 OR-Library instances and 77 VLSI instances. We
also give final results for all incidence instances tested in [24] (instances indexed by
one, according to Koch and Martin’s convention) in Tables B.11 to B.14. For each
instance, we first display its processing time in seconds after 128 hybrid GRASP
iterations, together with the additional time associated exclusively with the hybrid
adaptive path-relinking. We note that instances alue7065, alue7080, alut2610, and
alut2625 have been processed on a 400 MHz Pentium II machine with 32 MBytes of
RAM, marginally faster than the 350 MHz AMD K6-2 with 128 MBytes in which
the remaining instances were processed. Next, we give the value of the best solution
found after one, two, four, eight, 16, 32, 64, and 128 iterations. Finally, we display
an upper bound which corresponds to either the optimal value or the best known
solution [24, 36]. Results in bold face indicate optimal solutions.

In particular, we note that the runs of the hybrid GRASP with perturbations and
adaptive path-relinking algorithm whose results are reported in these tables found
optimal solutions for most VLSI instances for which the optimal value is known,
and strictly better solutions than those reported by Koch and Martin [24] for the
four instances for which the optimum is unknown (alue7065, alue7080, alut2610, and
alut2625).

For each class of test problems and for all runs reported in Tables B.1 to B.14, we
display in Figure 8.1 the average deviation of the current best solution at iterations
1, 2, 4, 8, 16, 32, 64, and 128 with respect to the best solution found after path-
relinking. Also, for all the above runs for which a provably optimal solution was
found (57 OR-Library instances, 73 VLSI instances, and 66 incidence instances), we
show in Figures 8.2 the increase in solution quality (percentual number of instances
within some deviation with respect to the known optimal value) at the same iterations.

The results in Figures 8.1 and 8.2 show that solution quality steadly improves
with the increase in the number of hybrid GRASP iterations. In approximately 90%
of the cases, the first 16 iterations already led to quite good solutions within 0.5%
of the optimal value. Although the remaining iterations have a smaller contribution
in the improvement of solution quality, they are particularly important in the case of
the most difficult instances. The effectiveness of path-relinking may be clearly seen
in Figure 8.1.
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The two main parameters which have a strong influence in solution quality are the
number of iterations (which affects the best solution found after the hybrid GRASP
iterations) and the number of elite solutions kept in the pool (which affects the best so-
lution found after path-relinking). Solution quality improves with the increase of any
of them. To illustrate that the results obtained by the hybrid GRASP with perturba-
tions and adaptive path-relinking could be further improved if more computation time
were allowed, we display some additional computational results in Tables 8.6 and 8.7
for a restrained set of 15 selected instances among the hardest ones, for which an op-
timal solution was not found in the previously reported runs. In Table 8.6 we give the
value of the best solution found without path-relinking (HGP) and the computation
time (in seconds) when the number of hybrid GRASP iterations is doubled from 128
to 256. As expected, the computation times observed for 256 iterations are approxi-
mately twice those previously observed with only 128 iterations. Improved solutions
were found for four out of the 15 selected instances (alut2610, taq0903, dv160-311, and
dv640-041). However, we note that path-relinking by itself was able to find equivalent
or even better solutions for the first three instances among the latter, in less total time
than that used when the number of iterations was increased to 256 (see Table 8.7).
Once again, this result illustrates the effectiveness of path-relinking.

Table 8.6

Improved results with more hybrid GRASP iterations

128 iterations 256 iterations
Instance HGP time (s) HGP time (s)

d18 225 53.76 225 113.82
d19 311 50.79 311 107.93
e18 570 519.85 570 1050.96

alut2288 3846 57.87 3846 114.54
alut2610 12304 1764.64 12287 4421.75
taq0014 5335 124.46 5335 261.17
taq0903 5108 148.51 5107 324.84

dv160-311 9257 7.71 9211 15.54
dv320-041 1750 28.48 1750 58.93
dv320-241 7111 61.49 7111 126.34
dv320-311 18281 32.46 18281 65.90
dv320-331 21727 17.53 21727 36.66
dv640-041 1945 158.05 1897 329.01
dv640-141 5288 251.60 5288 535.30
dv640-201 16124 12.78 16124 25.62

Table 8.7 depicts the results obtained when the size of the pool of elite solutions
is increased from ten to 20, with the number of hybrid GRASP iterations fixed at 128.
For each instance, we give the value of the best solution found after path-relinking
(HGP-PR) and the computation time (in seconds) when the number of elite solutions
stored in the pool is doubled from ten to 20. It is interesting to note that an increase
in the size of the pool of elite solutions does not necessarily leads to a corresponding
increase in computation time: in some cases it is even reduced, since the number
of generations of elite solutions may be smaller. Moreover, improved solutions were
found for ten instances out of the 15 selected ones when the pool size was increased
from ten to 20. These results show that besides the robustness of the hybrid GRASP
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with perturbations and path-relinking algorithm, its effectiveness can even be further
increased if more computation time is allowed.

Table 8.7

Improved results with a larger pool of elite solutions

10 elite solutions 20 elite solutions
Instance HGP-PR time (s) HGP-PR time (s)

d18 224 81.24 224 76.36
d19 311 65.61 310 70.06
e18 569 999.16 567 948.14

alut2288 3846 91.19 3846 83.98
alut2610 12284 2939.53 12269 6524.51
taq0014 5335 175.72 5326 236.33
taq0903 5102 463.88 5099 485.79

dv160-311 9173 8.83 9167 12.26
dv320-041 1750 30.07 1750 32.14
dv320-241 7111 63.60 7093 67.74
dv320-311 18100 38.51 17998 63.56
dv320-331 21565 21.98 21565 39.51
dv640-041 1945 165.96 1945 175.88
dv640-141 5288 260.68 5252 284.24
dv640-201 16124 13.73 16079 20.80

9. Concluding remarks. In this work, we presented a hybrid GRASP with
perturbations and adaptive path-relinking (HGP-PR) algorithm for the Steiner prob-
lem in graphs. The algorithm incorporates several features of different metaheuris-
tics, such as memory-based construction procedures, strategic oscillation driven by
weight perturbations, variable neighborhoods, evolutionary population methods, and
path-relinking. We have given computational evidence that each of these features
contributes independently to improve solution quality and, consequently, to the effec-
tiveness of the whole algorithm.

The hybrid GRASP with perturbations algorithm outperformed other approx-
imate algorithms and metaheuristics, obtaining better solutions than recent imple-
mentations of path and vertex exchange algorithms [11], tabu search [1, 16, 34], and
GRASP [29, 30]. We briefly compare the results obtained by the hybrid GRASP with
perturbations heuristic proposed in this paper, without (HGP) and with (HGP-PR)
the adaptive path-relinking strategy. We consider the following other approximate
algorithms from the literature: the reactive tabu search algorithm of Bastos and
Ribeiro [1], also without (RTS) and with (RTS-PR) path-relinking; the tabu search
algorithms of Gendreau et al. [16] (F-tabu) and Ribeiro and Souza [34] (TS); and the
procedure Svertex+reBuild from Duin and Voss [11]. Results from the latter are
presented in two versions. The first version (SV1) corresponds to results extracted
from Table II of [11], which have been obtained through the exact computation of
the minimum distance matrix. In the second version (SV2), we reproduce the results
from Table III of [11], using the approximate computation of the distance matrix.
Computation times are quite smaller in the second case, due to the smaller com-
plexity of the initialization steps. Processing times in the first case were obtained
from [11], summing up the times in column sec1 of Rebuild with those in column
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sec2 of Svertex+reBuild in Table III.

Run statistics for the above algorithms are summarized in Tables 9.1 to 9.3 for all
60 OR-Library instances and for all incidence instances with up to 320 nodes. Overall
results for the incidence instances dv-640 and for the VLSI instances are omitted in
this comparative study, since they have not been systematically addressed by other
heuristics in the literature. The results reported for heuristics RTS and RTS-PR for
the OR-Library instances are averages taken over ten runs for each instance. All other
results reported here were obtained after only one run for each instance.

Table 9.1

Heuristics for SPG: optimal solutions found

Series HGP HGP-PR RTS RTS-PR TS F-Tabu SV1 SV2

C 19 20 17.7 19.8 17 18 — —
D 18 18 14.2 16.7 9 14 — —
E 17 19 11.6 13.6 7 10 — —

OR-Library 54 57 43.5 50.1 33 42 — —

dv-80 94 97 96 99 89 — — —
dv-160 71 78 73 81 58 — — —
dv-320∗ 62 68 56 64 39 — — —

Incidence∗ 227 243 225 244 186 — — —
∗ Optimal solutions are not known for some dv-320 instances

The first two tables compare the algorithms in terms of solution quality. Ta-
ble 9.1 displays the number of optimal solutions found by each algorithm, including
those found by the preprocessing procedure, while Table 9.2 displays the average rel-
ative errors (computed with respect to a lower bound for the instances for which an
optimal solution is not known). Since one problem in each of the OR-Library series
C, D, and E has been solved to optimality by the preprocessing procedure, the av-
erage relative errors observed by algorithms HGP and HGP-PR for these series were
computed exclusively over the remaining 19 instances. The hybrid GRASP procedure
HGP-PR performed remarkably well for the OR-Library instances (as well as for the
VLSI instances), with better results than every other algorithm. In the case of the
incidence instances, the hybrid GRASP procedure and the reactive tabu search al-
gorithm found similar quality solutions. As mentionned before, the hybrid GRASP
with perturbations and adaptive path-relinking algorithm found optimal solutions for
most VLSI instances for which the optimal value is known, and strictly better solu-
tions than those reported by Koch and Martin [24] for the four instances for which
the optimum is unknown (alue7065, alue7080, alut2610, and alut2625).

For the sake of completeness, we also report in Table 9.3 the computation times
in seconds observed with the different algorithms. Since they have been obtained in
different machines, they cannot be directly compared. Results for the hybrid GRASP
with perturbations (algorithms HGP and HGP-PR) have been obtained on a 350
MHz AMD K6-2 with 128 MB of memory. The OR-Library instances have been
processed by the reactive tabu search algorithms RTS and RTS-PR on a Pentium II
machine with a 400 MHz clock. Algorithms SV1 and SV2 have been processed on a
Pentium with a 90 MHz clock. Results for all other algorithms and instances have
been obtained on a Sun UltraSPARC 1 machine.
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Table 9.2

Heuristics for SPG: average relative errors

Series HGP HGP-PR RTS RTS-PR TS F-Tabu SV1 SV2

C 0.05 0.00 0.13 0.01 0.26 0.02 — —
D 0.06 0.04 0.36 0.10 0.71 0.11 — —
E 0.07 0.05 0.59 0.17 0.83 0.31 — —

OR-Library 0.06 0.03 0.36 0.09 0.60 0.15 — —

dv-80 0.02 0.01 0.02 0.01 0.08 — 1.03 1.24
dv-160 0.25 0.13 0.19 0.12 0.35 — 0.98 1.26
dv-320∗ 0.56 0.35 0.48 0.34 0.89 — 1.20 1.90

Incidence∗ 0.28 0.17 0.23 0.16 0.44 — 1.07 1.47
∗ Upper bounds, since optimal values are not known for some dv-320 instances

Table 9.3

Heuristics for SPG: average computation times in seconds

Series HGP HGP-PR RTS RTS-PR TS F-Tabu SV1 SV2

C 2.9 3.1 2.0 3.0 1.0 18.0 — —
D 11.1 11.9 5.3 12.5 3.9 115.0 — —
E 77.7 91.0 21.3 157.2 17.6 1474.0 — —

OR-Library 30.6 35.3 9.6 57.6 7.5 535.7 — —

dv-80 2.7 2.8 5.8 6.2 3.3 — 0.4 0.2
dv-160 15.3 16.0 28.1 29.9 12.2 — 2.7 0.5
dv-320 104.1 107.9 162.6 168.1 50.5 — 14.8 1.6

Incidence 40.7 42.2 65.5 68.1 22.0 — 6.0 0.8

The substitution of the greedy randomized construction phase of a GRASP by a
purely greedy construction using randomized weights had already led to sound com-
putational results for the prize-collecting Steiner tree problem in [3]. The numerical
results in this paper illustrate once again that the application of this idea to other
problems should be pursued. We have also shown that the use of intelligent construc-
tion procedures can strongly improve memoryless approaches. We have extended one
step further the ideas originally discussed by Glover and Fleurent [15], proposing
the combination of a variety of construction algorithms integrated within a strate-
gic oscillation scheme driven by the weight perturbations. We have also shown that
perturbations can be used to implement easily and effectively a wide variety of algo-
rithmic features, such as randomized greedy heuristics; intensification, diversification,
and strategic oscillation strategies; and path-relinking.

Finally, we note that path-relinking is a quite effective strategy to improve the
solutions found by metaheuristics such as GRASP or tabu search. As already ob-
served for the reactive tabu search algorithm in [1], path-relinking improved the re-
sults obtained by the hybrid GRASP with perturbations in terms of both the number
of optimal solutions found and the average deviation from the optimal value. The
adaptive path-relinking scheme proposed in this work also played a major role in the
robustness of the complete algorithm. We have also shown that besides the robust-
ness of the HGP-PR algorithm, its effectiveness can be even further increased if more
computation time is allowed.
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Appendix A. Tables with reduction results from preprocessing.

Table A.1

OR-Library instances - series C

Original graph After reductions
Instance seconds |V | |E| |X| |V | |E| |X|

c1 0.09 500 625 5 108 188 5
c2 0.15 500 625 10 82 144 8
c3 0.17 500 625 83 55 90 24
c4 0.15 500 625 125 51 81 24
c5 0.09 500 625 250 15 24 10
c6 0.62 500 1000 5 353 795 5
c7 1.16 500 1000 10 359 802 9
c8 0.99 500 1000 83 128 238 30
c9 1.13 500 1000 125 132 241 49
c10 0.22 500 1000 250 15 21 10
c11 11.21 500 2500 5 488 1692 5
c12 8.76 500 2500 10 454 1395 9
c13 3.59 500 2500 83 177 332 37
c14 1.33 500 2500 125 5 7 4
c15 0.58 500 2500 250 4 5 3
c16 31.38 500 12500 5 499 2715 5
c17 13.26 500 12500 10 494 2294 8
c18 8.09 500 12500 83 391 1044 50
c19 8.53 500 12500 125 266 637 40
c20 3.22 500 12500 250 0 0 0
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Table A.2

OR-Library instances - series D

Original graph After reductions
Instance seconds |V | |E| |X| |V | |E| |X|

d1 0.49 1000 1250 5 234 433 5
d2 0.45 1000 1250 10 255 459 10
d3 0.52 1000 1250 167 31 48 18
d4 0.43 1000 1250 250 24 36 14
d5 0.29 1000 1250 500 24 37 16
d6 2.24 1000 2000 5 746 1694 5
d7 2.06 1000 2000 10 725 1647 10
d8 6.51 1000 2000 167 287 515 84
d9 2.56 1000 2000 250 69 116 34
d10 0.79 1000 2000 500 47 78 30
d11 46.25 1000 5000 5 975 3749 5
d12 31.08 1000 5000 10 956 3061 9
d13 21.28 1000 5000 167 423 828 84
d14 7.64 1000 5000 250 79 137 32
d15 1.83 1000 5000 500 23 37 14
d16 119.03 1000 25000 5 1000 6725 5
d17 163.18 1000 25000 10 1000 6332 10
d18 38.17 1000 25000 167 813 2284 97
d19 45.21 1000 25000 250 700 1932 100
d20 12.96 1000 25000 500 0 0 0

Table A.3

OR-Library instances - series E

Original graph After reductions
Instance seconds |V | |E| |X| |V | |E| |X|

e1 1.54 2500 3125 5 657 1239 5
e2 1.40 2500 3125 10 678 1256 9
e3 2.66 2500 3125 417 120 195 64
e4 2.95 2500 3125 625 50 82 31
e5 1.52 2500 3125 1250 16 25 11
e6 9.03 2500 5000 5 1830 4277 5
e7 8.20 2500 5000 10 1876 4321 10
e8 45.90 2500 5000 417 894 1714 196
e9 27.93 2500 5000 625 506 899 187
e10 5.74 2500 5000 1250 89 152 51
e11 312.55 2500 12500 5 2487 10861 5
e12 386.53 2500 12500 10 2462 9836 10
e13 104.13 2500 12500 417 1418 2962 232
e14 62.14 2500 12500 625 339 589 119
e15 12.45 2500 12500 1250 26 41 17
e16 1563.92 2500 62500 5 2500 19698 5
e17 751.41 2500 62500 10 2500 17045 10
e18 286.41 2500 62500 417 2119 6185 248
e19 252.80 2500 62500 625 1156 2757 174
e20 79.30 2500 62500 1250 0 0 0
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Table A.4

VLSI instances - series alue, alut, and diw

Original graph After reductions
Instance seconds |V | |E| |X| |V | |E| |X|
alue2087 0.85 1244 1971 34 36 58 13
alue2105 0.89 1220 1858 34 7 10 3
alue3146 13.03 3626 5869 64 113 187 29
alue5067 28.86 3524 5560 68 305 509 42
alue5345 53.89 5179 8165 68 1191 2012 64
alue5623 27.34 4472 6938 68 807 1377 58
alue5901 68.48 11543 18429 68 1077 1847 58
alue6179 26.18 3372 5213 67 480 817 51
alue6457 44.25 3932 6137 68 849 1451 57
alue6735 24.23 4119 6696 68 360 592 49
alue6951 12.33 2818 4419 67 473 790 58
alue7065 2233.35 34046 54841 544 13073 23017 445
alue7066 324.77 6405 10454 16 1791 3151 9
alue7080 1021.30 34479 55494 2344 9272 16019 1402
alue7229 0.75 940 1474 34 0 0 0
alut0787 0.33 1160 2089 34 9 13 5
alut0805 1.06 966 1666 34 92 154 23
alut1181 7.03 3041 5693 64 234 412 42
alut2010 38.40 6104 11011 68 435 742 45
alut2288 299.47 9070 16595 68 1224 2195 59
alut2566 34.24 5021 9055 68 715 1242 62
alut2610 4359.47 33901 62816 204 10760 20185 182
alut2625 1843.85 36711 68117 879 12196 22457 764
alut2764 0.02 387 626 34 0 0 0
diw0234 248.20 5349 10086 25 860 1599 21
diw0250 0.02 353 608 11 0 0 0
diw0260 0.15 539 985 12 0 0 0
diw0313 0.03 468 822 14 0 0 0
diw0393 0.03 212 381 11 0 0 0
diw0445 1.34 1804 3311 33 31 49 11
diw0459 1.08 3636 6789 25 16 25 7
diw0460 0.02 339 579 13 0 0 0
diw0473 0.75 2213 4135 25 14 22 6
diw0487 1.73 2414 4386 25 4 5 3
diw0495 0.21 938 1655 10 0 0 0
diw0513 0.07 918 1684 10 0 0 0
diw0523 0.05 1080 2015 10 0 0 0
diw0540 0.03 286 465 10 0 0 0
diw0559 10.52 3738 7013 18 27 45 9
diw0778 42.35 7231 13727 24 178 318 15
diw0779 1046.62 11821 22516 50 2387 4508 37
diw0795 84.62 3221 5938 10 290 529 9
diw0801 90.35 3023 5575 10 393 719 10
diw0819 468.78 10553 20066 32 1186 2214 22
diw0820 1626.92 11749 22384 37 1891 3563 32
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Table A.5

VLSI instances - series dmxa and gap

Original graph After reductions
Instance seconds |V | |E| |X| |V | |E| |X|

dmxa0296 0.02 233 386 12 0 0 0
dmxa0368 1.27 2050 3676 18 47 76 9
dmxa0454 0.55 1848 3286 16 15 22 5
dmxa0628 0.01 169 280 10 0 0 0
dmxa0734 0.10 663 1154 11 0 0 0
dmxa0848 0.74 499 861 16 37 60 11
dmxa0903 1.90 632 1087 10 58 99 8
dmxa1010 1.46 3983 7108 23 0 0 0
dmxa1109 0.13 343 559 17 9 13 5
dmxa1200 0.31 770 1383 21 32 48 13
dmxa1304 0.04 298 503 10 0 0 0
dmxa1516 0.12 720 1269 11 0 0 0
dmxa1721 0.24 1005 1731 18 6 8 4
dmxa1801 16.83 2333 4137 17 354 641 17
gap1307 0.19 342 552 17 0 0 0
gap1413 0.04 541 906 10 0 0 0
gap1500 0.02 220 374 17 0 0 0
gap1810 0.09 429 702 17 0 0 0
gap1904 2.39 735 1256 21 50 84 11
gap2007 1.11 2039 3548 17 36 61 9
gap2119 1.53 1724 2975 29 0 0 0
gap2740 0.60 1196 2084 14 33 56 5
gap2800 0.03 386 653 12 0 0 0
gap2975 0.02 179 293 10 0 0 0
gap3036 0.16 346 583 13 28 42 9
gap3100 1.63 921 1558 11 14 22 7
gap3128 390.94 10393 18043 104 2251 4091 62
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Table A.6

VLSI instances - series msm and taq

Original graph After reductions
Instance seconds |V | |E| |X| |V | |E| |X|
msm0580 0.23 338 541 11 12 17 6
msm0654 0.18 1290 2270 10 0 0 0
msm0709 1.06 1442 2403 16 42 68 8
msm0920 1.14 752 1264 26 13 18 7
msm1008 0.17 402 695 11 13 18 6
msm1234 0.23 933 1632 13 7 9 4
msm1477 0.51 1199 2078 31 12 17 6
msm1707 0.01 278 478 11 0 0 0
msm1844 0.00 90 135 10 6 8 4
msm1931 0.15 875 1522 10 0 0 0
msm2000 0.14 898 1562 10 0 0 0
msm2152 6.99 2132 3702 37 176 309 23
msm2326 0.07 418 723 14 9 12 5
msm2492 7.64 4045 7094 12 56 91 10
msm2525 1.54 3031 5239 12 11 15 6
msm2601 18.04 2961 5100 16 176 303 12
msm2705 0.24 1359 2458 13 4 5 3
msm2802 0.50 1709 2963 18 9 14 5
msm2846 15.68 3263 5783 89 395 682 61
msm3277 0.28 1704 2991 12 0 0 0
msm3676 0.16 957 1554 10 0 0 0
msm3727 14.39 4640 8255 21 45 74 4
msm3829 46.54 4221 7255 12 400 705 10
msm4038 0.03 237 390 11 0 0 0
msm4114 0.04 402 690 16 0 0 0
msm4190 0.03 391 666 16 0 0 0
msm4224 0.03 191 302 11 0 0 0
msm4312 292.91 5181 8893 10 1342 2433 10
msm4414 0.03 317 476 11 0 0 0
msm4515 0.37 777 1358 13 31 50 8
taq0014 137.69 6466 11046 128 1766 3155 86
taq0023 0.85 572 963 11 48 80 8
taq0365 35.84 4186 7074 22 998 1797 21
taq0377 103.39 6836 11715 136 2040 3603 118
taq0431 2.77 1128 1905 13 123 216 10
taq0631 0.07 609 932 10 7 9 4
taq0739 2.41 837 1438 16 73 121 12
taq0741 1.91 712 1217 16 107 183 14
taq0751 2.23 1051 1791 16 136 233 15
taq0891 0.02 331 560 10 0 0 0
taq0903 96.09 6163 10490 130 1851 3294 90
taq0910 0.06 310 514 17 0 0 0
taq0920 0.00 122 194 17 0 0 0
taq0978 0.07 777 1239 10 0 0 0
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Appendix B. Tables with solution values and detailed results for each instance.

Table B.1

Final results: OR-Library instances from series C

Instance Time (s) Partial solution value Optimum
GRASP PR 1 2 4 8 16 32 64 128 PR value

c01 0.50 0.01 85 85 85 85 85 85 85 85 85 85

c02 0.48 0.04 144 144 144 144 144 144 144 144 144 144

c03 0.63 0.06 754 754 754 754 754 754 754 754 754 754

c04 0.59 0.05 1081 1081 1080 1079 1079 1079 1079 1079 1079 1079

c05 0.14 0.01 1579 1579 1579 1579 1579 1579 1579 1579 1579 1579

c06 2.09 0.06 55 55 55 55 55 55 55 55 55 55

c07 2.85 0.18 102 102 102 102 102 102 102 102 102 102

c08 1.71 0.10 509 509 509 509 509 509 509 509 509 509

c09 3.56 0.21 711 707 707 707 707 707 707 707 707 707

c10 0.14 0.02 1093 1093 1093 1093 1093 1093 1093 1093 1093 1093

c11 4.49 0.45 32 32 32 32 32 32 32 32 32 32

c12 4.60 0.43 46 46 46 46 46 46 46 46 46 46

c13 3.66 0.31 260 259 258 258 258 258 258 258 258 258

c14 0.06 0.00 323 323 323 323 323 323 323 323 323 323

c15 0.05 0.00 556 556 556 556 556 556 556 556 556 556

c16 6.28 0.48 11 11 11 11 11 11 11 11 11 11

c17 5.30 0.37 18 18 18 18 18 18 18 18 18 18

c18 11.90 1.11 116 115 115 114 114 114 114 114 113 113

c19 6.06 0.23 147 147 146 146 146 146 146 146 146 146
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Table B.2

Final results: OR-Library instances from series D

Instance Time (s) Partial solution value Optimum
GRASP PR 1 2 4 8 16 32 64 128 PR value

d01 1.20 0.02 106 106 106 106 106 106 106 106 106 106

d02 1.93 0.14 220 220 220 220 220 220 220 220 220 220

d03 0.33 0.01 1565 1565 1565 1565 1565 1565 1565 1565 1565 1565

d04 0.21 0.00 1935 1935 1935 1935 1935 1935 1935 1935 1935 1935

d05 0.24 0.01 3250 3250 3250 3250 3250 3250 3250 3250 3250 3250

d06 5.52 1.44 70 70 70 67 67 67 67 67 67 67

d07 5.50 0.04 103 103 103 103 103 103 103 103 103 103

d08 13.34 1.03 1084 1079 1077 1077 1077 1073 1073 1072 1072 1072

d09 1.14 0.05 1448 1448 1448 1448 1448 1448 1448 1448 1448 1448

d10 0.64 0.04 2110 2110 2110 2110 2110 2110 2110 2110 2110 2110

d11 10.93 1.35 30 30 30 30 29 29 29 29 29 29

d12 9.32 0.30 42 42 42 42 42 42 42 42 42 42

d13 20.40 0.71 505 500 500 500 500 500 500 500 500 500

d14 1.21 0.07 667 667 667 667 667 667 667 667 667 667

d15 0.20 0.06 1116 1116 1116 1116 1116 1116 1116 1116 1116 1116

d16 16.95 1.24 13 13 13 13 13 13 13 13 13 13

d17 16.73 1.01 23 23 23 23 23 23 23 23 23 23

d18 53.76 4.94 227 227 227 226 226 226 225 225 224 223

d19 50.79 3.12 316 314 314 312 312 312 311 311 311 310
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Table B.3

Final results: OR-Library instances from series E

Instance Time (s) Partial solution value Optimum
GRASP PR 1 2 4 8 16 32 64 128 PR value

e01 3.65 0.06 111 111 111 111 111 111 111 111 111 111

e02 4.90 1.01 214 214 214 214 214 214 214 214 214 214

e03 3.38 0.21 4022 4018 4017 4017 4013 4013 4013 4013 4013 4013

e04 0.62 0.04 5102 5102 5101 5101 5101 5101 5101 5101 5101 5101

e05 0.15 0.01 8128 8128 8128 8128 8128 8128 8128 8128 8128 8128

e06 15.13 2.71 73 73 73 73 73 73 73 73 73 73

e07 20.78 2.93 145 145 145 145 145 145 145 145 145 145

e08 137.09 18.33 2647 2645 2645 2644 2644 2643 2643 2643 2640 2640

e09 67.84 3.54 3608 3608 3608 3605 3605 3605 3604 3604 3604 3604

e10 1.76 0.09 5600 5600 5600 5600 5600 5600 5600 5600 5600 5600

e11 35.61 2.28 37 34 34 34 34 34 34 34 34 34

e12 37.97 6.31 68 68 68 68 68 67 67 67 67 67

e13 318.87 111.19 1287 1286 1286 1285 1285 1284 1283 1283 1280 1280

e14 19.66 0.82 1733 1733 1732 1732 1732 1732 1732 1732 1732 1732

e15 0.24 0.03 2784 2784 2784 2784 2784 2784 2784 2784 2784 2784

e16 60.00 4.72 15 15 15 15 15 15 15 15 15 15

e17 56.19 3.98 26 25 25 25 25 25 25 25 25 25

e18 519.85 80.37 580 579 575 571 571 571 571 570 569 564

e19 172.37 14.81 761 759 759 759 759 759 759 758 758 758
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Table B.4

Final results: VLSI instances from series alue

Instance Time (s) Partial solution value Optimum
GRASP PR 1 2 4 8 16 32 64 128 PR value

alue2087 0.33 0.04 1063 1063 1055 1049 1049 1049 1049 1049 1049 1049

alue2105 0.07 0.00 1032 1032 1032 1032 1032 1032 1032 1032 1032 1032

alue3146 2.05 0.24 2246 2246 2240 2240 2240 2240 2240 2240 2240 2240

alue5067 7.70 0.69 2605 2604 2591 2591 2586 2586 2586 2586 2586 2586

alue5345 62.79 30.21 3522 3522 3522 3522 3521 3518 3518 3516 3507 3507

alue5623 42.26 23.70 3439 3439 3439 3425 3424 3416 3416 3416 3413 3413

alue5901 59.92 9.41 3973 3973 3922 3922 3916 3916 3916 3912 3912 3912

alue6179 13.58 0.78 2452 2452 2452 2452 2452 2452 2452 2452 2452 2452

alue6457 33.14 2.90 3061 3061 3061 3061 3057 3057 3057 3057 3057 3057

alue6735 11.26 1.29 2706 2706 2706 2697 2696 2696 2696 2696 2696 2696

alue6951 20.41 2.29 2405 2405 2405 2389 2389 2389 2389 2389 2386 2386

alue7065 6738.20 5817.15 24085 24085 24078 24044 24043 24027 24026 24026 23916 24827
alue7066 28.68 11.84 2288 2274 2274 2274 2265 2265 2265 2256 2256 2256

alue7080 24459.83 18216.35 62768 62768 62721 62720 62720 62691 62653 62653 62555 —
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Table B.5

Final results: VLSI instances from series alut

Instance Time (s) Partial solution value Optimum
GRASP PR 1 2 4 8 16 32 64 128 PR value

alut0787 0.09 0.01 984 982 982 982 982 982 982 982 982 982

alut0805 1.28 0.19 958 958 958 958 958 958 958 958 958 958

alut1181 5.89 0.51 2384 2384 2373 2367 2353 2353 2353 2353 2353 2353

alut2010 15.65 2.03 3314 3314 3314 3312 3312 3312 3312 3309 3309 3307

alut2288 57.87 7.37 3854 3854 3850 3850 3846 3846 3846 3846 3846 3843

alut2566 36.18 22.71 3104 3104 3097 3088 3088 3088 3088 3087 3073 3073

alut2610 1764.64 1174.86 12347 12347 12347 12347 12338 12304 12304 12304 12284 12760
alut2625 15817.73 18947.20 35804 35804 35672 35672 35638 35638 35638 35638 35527 36763

Table B.6

Final results: VLSI instances from series diw

Instance Time (s) Partial solution value Optimum
GRASP PR 1 2 4 8 16 32 64 128 PR value

diw0234 10.71 0.74 1997 1997 1997 1997 1996 1996 1996 1996 1996 1996

diw0445 0.32 0.05 1363 1363 1363 1363 1363 1363 1363 1363 1363 1363

diw0459 0.14 0.00 1362 1362 1362 1362 1362 1362 1362 1362 1362 1362

diw0473 0.14 0.01 1098 1098 1098 1098 1098 1098 1098 1098 1098 1098

diw0487 0.06 0.00 1424 1424 1424 1424 1424 1424 1424 1424 1424 1424

diw0559 0.23 0.07 1570 1570 1570 1570 1570 1570 1570 1570 1570 1570

diw0778 2.38 0.25 2211 2178 2178 2178 2178 2173 2173 2173 2173 2173

diw0779 90.08 13.23 4460 4460 4460 4460 4453 4447 4440 4440 4440 4440

diw0795 3.18 0.92 1550 1550 1550 1550 1550 1550 1550 1550 1550 1550

diw0801 4.39 1.12 1587 1587 1587 1587 1587 1587 1587 1587 1587 1587

diw0819 21.30 0.95 3399 3399 3399 3399 3399 3399 3399 3399 3399 3399

diw0820 72.03 9.45 4196 4196 4196 4195 4192 4172 4172 4169 4167 4167
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Table B.7

Final results: VLSI instances from series dmxa

Instance Time (s) Partial solution value Optimum
GRASP PR 1 2 4 8 16 32 64 128 PR value

dmxa0368 0.44 0.09 1024 1022 1019 1019 1019 1019 1017 1017 1017 1017

dmxa0454 0.12 0.00 914 914 914 914 914 914 914 914 914 914

dmxa0848 0.30 0.04 602 594 594 594 594 594 594 594 594 594

dmxa0903 0.54 0.18 588 588 584 580 580 580 580 580 580 580

dmxa1109 0.08 0.00 460 454 454 454 454 454 454 454 454 454

dmxa1200 0.32 0.04 750 750 750 750 750 750 750 750 750 750

dmxa1721 0.07 0.00 781 780 780 780 780 780 780 780 780 780

dmxa1801 5.60 0.89 1385 1385 1365 1365 1365 1365 1365 1365 1365 1365

Table B.8

Final results: VLSI instances from series gap

Instance Time (s) Partial solution value Optimum
GRASP PR 1 2 4 8 16 32 64 128 PR value

gap1904 0.39 0.02 763 763 763 763 763 763 763 763 763 763

gap2007 0.31 0.02 1104 1104 1104 1104 1104 1104 1104 1104 1104 1104

gap2740 0.24 0.08 745 745 745 745 745 745 745 745 745 745

gap3036 0.26 0.04 457 457 457 457 457 457 457 457 457 457

gap3100 0.18 0.00 640 640 640 640 640 640 640 640 640 640

gap3128 66.14 10.78 4316 4316 4316 4295 4292 4292 4292 4292 4292 4292
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Table B.9

Final results: VLSI instances from series msm

Instance Time (s) Partial solution value Optimum
GRASP PR 1 2 4 8 16 32 64 128 PR value

msm0580 0.11 0.01 475 475 475 467 467 467 467 467 467 467

msm0709 0.27 0.08 884 884 884 884 884 884 884 884 884 884

msm0920 0.11 0.00 806 806 806 806 806 806 806 806 806 806

msm1008 0.12 0.00 494 494 494 494 494 494 494 494 494 494

msm1234 0.06 0.00 550 550 550 550 550 550 550 550 550 550

msm1477 0.10 0.00 1068 1068 1068 1068 1068 1068 1068 1068 1068 1068

msm1844 0.07 0.00 188 188 188 188 188 188 188 188 188 188

msm2152 3.06 0.17 1593 1593 1593 1593 1593 1593 1590 1590 1590 1590

msm2326 0.09 0.00 399 399 399 399 399 399 399 399 399 399

msm2492 0.45 0.05 1460 1459 1459 1459 1459 1459 1459 1459 1459 1459

msm2525 0.10 0.00 1290 1290 1290 1290 1290 1290 1290 1290 1290 1290

msm2601 1.83 0.40 1440 1440 1440 1440 1440 1440 1440 1440 1440 1440

msm2705 0.05 0.00 714 714 714 714 714 714 714 714 714 714

msm2802 0.09 0.00 933 926 926 926 926 926 926 926 926 926

msm2846 22.49 2.02 3144 3141 3137 3137 3137 3135 3135 3135 3135 3135

msm3727 0.24 0.01 1376 1376 1376 1376 1376 1376 1376 1376 1376 1376

msm3829 3.78 1.43 1593 1593 1593 1571 1571 1571 1571 1571 1571 1571

msm4312 21.31 0.91 2016 2016 2016 2016 2016 2016 2016 2016 2016 2016

msm4515 0.22 0.01 630 630 630 630 630 630 630 630 630 630
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Table B.10

Final results: VLSI instances from series taq

Instance Time (s) Partial solution value Optimum
GRASP PR 1 2 4 8 16 32 64 128 PR value

taq0014 124.46 12.82 5391 5391 5348 5346 5341 5341 5335 5335 5335 5326

taq0023 0.35 0.08 623 623 623 621 621 621 621 621 621 621

taq0365 18.40 2.14 1919 1919 1919 1914 1914 1914 1914 1914 1914 1914

taq0377 259.73 130.95 6412 6412 6412 6412 6412 6412 6412 6412 6393 6393

taq0431 0.94 0.19 897 897 897 897 897 897 897 897 897 897

taq0631 0.08 0.00 581 581 581 581 581 581 581 581 581 581

taq0739 0.62 0.10 851 851 848 848 848 848 848 848 848 848

taq0741 1.20 0.34 864 864 864 851 847 847 847 847 847 847

taq0751 1.45 0.20 939 939 939 939 939 939 939 939 939 939

taq0903 148.51 52.18 5140 5140 5123 5123 5122 5113 5112 5108 5102 5099
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Table B.11

Final results: Incidence instances from series dv080-1

Instance Time (s) Partial solution value Optimum
GRASP PR 1 2 4 8 16 32 64 128 PR value

dv-80-001 0.42 0.06 1787 1787 1787 1787 1787 1787 1787 1787 1787 1787

dv-80-011 0.79 0.06 1550 1550 1498 1498 1482 1479 1479 1479 1479 1479

dv-80-021 6.47 0.36 1178 1175 1175 1175 1175 1175 1175 1175 1175 1175

dv-80-031 0.44 0.05 1570 1570 1570 1570 1570 1570 1570 1570 1570 1570

dv-80-041 1.34 0.09 1279 1279 1279 1276 1276 1276 1276 1276 1276 1276

dv-80-101 0.35 0.03 2693 2682 2608 2608 2608 2608 2608 2608 2608 2608

dv-80-111 1.06 0.08 2124 2056 2056 2051 2051 2051 2051 2051 2051 2051

dv-80-121 6.66 0.34 1578 1566 1566 1566 1561 1561 1561 1561 1561 1561

dv-80-131 0.49 0.08 2371 2371 2371 2285 2284 2284 2284 2284 2284 2284

dv-80-141 1.65 0.10 1864 1864 1864 1864 1856 1808 1788 1788 1788 1788

dv-80-201 0.63 0.00 4760 4760 4760 4760 4760 4760 4760 4760 4760 4760

dv-80-211 1.56 0.10 3717 3717 3631 3631 3631 3631 3631 3631 3631 3631

dv-80-221 9.80 0.40 3218 3168 3160 3160 3160 3160 3160 3158 3158 3158

dv-80-231 1.03 0.09 4628 4437 4359 4359 4354 4354 4354 4354 4354 4354

dv-80-241 2.34 0.13 3746 3568 3550 3550 3550 3544 3544 3538 3538 3538

dv-80-301 0.82 0.06 5519 5519 5519 5519 5519 5519 5519 5519 5519 5519

dv-80-311 1.84 0.21 4730 4730 4723 4574 4574 4574 4574 4574 4554 4554

dv-80-321 10.15 0.43 3985 3945 3945 3932 3932 3932 3932 3932 3932 3932

dv-80-331 0.97 0.11 5460 5451 5305 5275 5275 5275 5275 5226 5226 5226

dv-80-341 2.36 0.13 4340 4340 4332 4303 4236 4236 4236 4236 4236 4236
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Table B.12

Final results: Incidence instances from series dv160-1

Instance Time (s) Partial solution value Optimum
GRASP PR 1 2 4 8 16 32 64 128 PR value

dv-160-001 0.83 0.13 2556 2556 2556 2490 2490 2490 2490 2490 2490 2490

dv-160-011 1.90 0.13 1763 1677 1677 1677 1677 1677 1677 1677 1677 1677

dv-160-021 34.63 1.93 1371 1352 1352 1352 1352 1352 1352 1352 1352 1352

dv-160-031 1.03 0.11 2170 2170 2170 2170 2170 2170 2170 2170 2170 2170

dv-160-041 5.86 0.36 1624 1549 1549 1542 1542 1494 1494 1494 1494 1494

dv-160-101 1.21 0.08 3859 3859 3859 3859 3859 3859 3859 3859 3859 3859

dv-160-111 2.80 0.15 3223 3061 3061 3061 2987 2886 2869 2869 2869 2869

dv-160-121 47.45 2.07 2425 2399 2384 2376 2376 2366 2363 2363 2363 2363

dv-160-131 1.33 0.16 3356 3356 3356 3356 3356 3356 3356 3356 3356 3356

dv-160-141 7.73 0.39 2775 2775 2658 2648 2582 2582 2582 2549 2549 2549

dv-160-201 1.82 0.16 7023 6994 6982 6923 6923 6923 6923 6923 6923 6923

dv-160-211 4.99 0.45 5740 5740 5642 5642 5642 5642 5642 5612 5583 5583

dv-160-221 76.46 2.42 4738 4738 4729 4729 4729 4729 4729 4729 4729 4729

dv-160-231 2.14 0.18 6772 6772 6772 6731 6662 6662 6662 6662 6662 6662

dv-160-241 11.12 0.61 5299 5270 5210 5117 5117 5117 5096 5096 5094 5086

dv-160-301 2.80 0.29 11912 11912 11908 11816 11816 11816 11816 11816 11816 11816

dv-160-311 7.71 1.12 9595 9530 9494 9401 9361 9361 9257 9257 9173 9135

dv-160-321 89.62 2.66 7918 7918 7910 7895 7879 7879 7876 7876 7876 7876

dv-160-331 3.75 0.40 10748 10511 10511 10485 10485 10478 10478 10478 10414 10414

dv-160-341 13.75 0.86 8461 8461 8461 8461 8461 8461 8406 8406 8332 8331
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Table B.13

Final results: Incidence instances from series dv320-1

Instance Time (s) Partial solution value Optimum
GRASP PR 1 2 4 8 16 32 64 128 PR value

dv-320-001 1.84 0.07 2672 2672 2672 2672 2672 2672 2672 2672 2672 2672

dv-320-011 5.29 0.32 2057 2057 2057 2057 2053 2053 2053 2053 2053 2053

dv-320-021 189.75 9.64 1553 1553 1553 1553 1553 1553 1553 1553 1553 1553

dv-320-031 2.33 0.30 2686 2686 2686 2686 2686 2673 2673 2673 2673 2673

dv-320-041 28.48 1.58 1919 1919 1838 1838 1755 1755 1755 1750 1750 1707

dv-320-101 2.64 0.16 5554 5548 5548 5548 5548 5548 5548 5548 5548 5548

dv-320-111 7.79 0.72 4448 4448 4448 4372 4372 4290 4290 4287 4273 4273

dv-320-121 304.36 10.59 3399 3388 3357 3352 3352 3329 3321 3321 3321 3321

dv-320-131 3.47 0.45 5359 5359 5359 5339 5255 5255 5255 5255 5255 5255

dv-320-141 36.16 1.97 3747 3712 3712 3674 3660 3660 3660 3630 3611 3606
dv-320-201 4.75 0.55 10289 10128 10084 10084 10084 10056 10044 10044 10044 10044

dv-320-211 16.17 1.66 8399 8399 8399 8330 8330 8238 8238 8183 8078 8039

dv-320-221 444.06 11.71 6747 6689 6679 6679 6679 6679 6679 6679 6679 6679
dv-320-231 5.59 0.59 10370 10369 10154 10046 9945 9862 9862 9862 9862 9862

dv-320-241 61.49 2.10 7382 7382 7356 7308 7212 7212 7212 7111 7111 7027
dv-320-301 13.79 0.63 23325 23325 23281 23281 23279 23279 23279 23279 23279 23279

dv-320-311 32.46 6.05 18577 18577 18577 18452 18452 18425 18425 18281 18100 17945
dv-320-321 768.82 14.10 15670 15670 15670 15670 15648 15648 15648 15648 15648 15771
dv-320-331 17.53 4.45 22357 22324 21921 21825 21787 21767 21727 21727 21565 21517

dv-320-341 109.69 5.17 16739 16507 16507 16507 16507 16507 16507 16486 16346 16374
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Table B.14

Final results: Incidence instances from series dv640-1

Instance Time (s) Partial solution value Optimum
GRASP PR 1 2 4 8 16 32 64 128 PR value

dv-640-001 4.42 1.22 4285 4285 4206 4183 4033 4033 4033 4033 4033 4033

dv-640-011 13.33 0.79 2578 2578 2578 2578 2392 2392 2392 2392 2392 2392

dv-640-021 864.69 44.89 1799 1749 1749 1749 1749 1749 1749 1749 1749 1749

dv-640-031 4.92 0.69 3278 3278 3278 3278 3278 3278 3278 3278 3278 3278

dv-640-041 158.05 7.86 2093 2093 2030 1963 1963 1963 1945 1945 1945 1897

dv-640-101 7.44 1.13 9228 9079 8923 8863 8778 8774 8774 8764 8764 8764

dv-640-111 24.39 1.41 6570 6524 6465 6249 6249 6247 6247 6198 6167 6167

dv-640-121 1707.48 52.70 4910 4906 4906 4906 4906 4906 4906 4906 4906 4906
dv-640-131 8.54 0.62 8185 8185 8185 8185 8115 8099 8099 8097 8097 8097

dv-640-141 251.60 9.03 5410 5410 5410 5382 5359 5288 5288 5288 5288 5247
dv-640-201 12.78 0.95 16505 16434 16250 16124 16124 16124 16124 16124 16124 16079

dv-640-211 50.39 7.26 12477 12477 12477 12477 12477 12359 12359 12312 12146 12291
dv-640-221 2972.94 61.23 9888 9871 9827 9821 9821 9821 9821 9821 9821 9876
dv-640-231 17.86 5.45 15368 15368 15368 15368 15257 15099 15099 15099 15073 15014

dv-640-241 397.95 12.88 10538 10538 10538 10538 10517 10498 10483 10448 10323 10338
dv-640-301 54.97 7.99 45514 45514 45331 45331 45319 45313 45238 45213 45053 45005

dv-640-311 151.95 126.50 36841 36841 36841 36841 36807 36807 36665 36665 36045 36562
dv-640-321 6072.84 84.52 31122 31108 31108 31096 31096 31096 31096 31096 31096 31757
dv-640-331 85.88 12.22 43685 43685 43340 43015 43015 43015 42996 42937 42853 42796

dv-640-341 1006.04 26.22 32422 32422 32417 32393 32288 32288 32235 32235 32163 32303


